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Abstract: In this note, I will discuss various aspects of a generalized SYK model, which
contains two SYK-4 coupled with each other via a bilinear term. It has a well defined
conformal limit which gives the zero temperature properties of the system. At extremely
high temperature, RG analysis tells us the system is asymptotically free. In the intermediate
region, interplay among various parameters can give us a rich phase structure. An emergent
phase that is absent in conformal limit is also observed.
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1 The Model

The Hamiltonian is written as,

H =
1

4!

∑
ijkl

Jijklχiχjχkχl +
1

4!

∑
αβγδ

J̃αβγδψαψβψγψδ + i
∑
j,α

Vjαχjψα (1.1)

where χj and ψα are different kinds of Majorana fermions. 1 ≤ i ≤ N and 1 ≤ α ≤ M

with p = M/N being a tunable parameter. Their anticommutators obeys the following
convention,

{χi, χj} = δij , {ψα, ψβ} = δαβ (1.2)

Jijkl and J̃αβγδ are two different disorder fields with zero average value,

Jijkl = J̃αβγδ = 0, J2
ijkl = 3!J2/N3, J̃2

αβγδ = 3!J2/M3 (1.3)
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Vjα is a random coupling,

Vjα = 0, V 2
jα = t2/

√
MN (1.4)

Our main interests lies in the phase structure, which will be settled down with the help of
two-point functions and Lyapunov exponent.

2 Two Point Function

The two point functions in imaginary time are defined as,

Gχ(τ) = T ⟨χi(τ)χj(0)⟩β , Gψ(τ) = T ⟨ψα(τ)ψβ(τ)⟩β (2.1)

Under large N approximation, the two point functions satisfy the following Dyson equations,{
Σχ(τ) = J2G3

χ(τ) + V 2√pGψ(τ)
G−1
χ (ω) = −iω − Σχ(ω)

(2.2)

{
Σψ(τ) = J2G3

ψ(τ) + V 2
√

1
p Gχ(τ)

G−1
ψ (ω) = −iω − Σψ(ω)

(2.3)

2.1 Conformal Limit

In the low energy limit (βJ ≫ 1 and βt ≫ 1), we could drop the −iω in the Dyson
Equations. Then there is an emergent conformal symmetry for the two-point function
which simplifies our calculation.

By simple argument via scaling dimension, we could see that there are three different
fixed points,

[χ] = 1/4, [ψ] = 3/4, χ4 and χψ are marginal;
[χ] = 3/4, [ψ] = 1/4, ψ4 and χψ are marginal;
[χ] = 1/2, [ψ] = 1/2, only χψ is marginal.

When p < 1, χ occupies a larger part. So it is more likely for it to dominate the system.
We use the first fixed point to do calculation,

Gχ(τ) =

(
1− p

4πJ2

)1/4 sgn(τ)

|τ |1/2
(2.4)

Gψ(τ) =

√
p

4πV 2

(
4πJ2

1− p

)1/4
sgn(τ)

|τ |3/2
(2.5)

The two point function at finite temperature is related to the result above via a reparametriza-
tion. If we want to calculation the spectral function, we have to know the retarded Green’s
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function1 which can be obtained by analytical continuation τ → it2,

GRχ =
√
2Aθ(t)

[
π

β sinhπt/β

]1/2
(2.6)

GRψ =−
√
2Bθ(t)

[
π

β sinhπt/β

]3/2
(2.7)

And we can also analytically calculate the GR(ω),

GRχ (ω) =β

(
1− p

4πβ2J2

)1/4 Γ(1/4− β
2π iω)

Γ(3/4− β
2π iω)

(2.8)

GRψ (ω) =β

√
p

(βV )2

(
4πβ2J2

1− p

)1/4 Γ(3/4− β
2π iω)

Γ(1/4− β
2π iω)

(2.9)

Fig 1(a) shows the spectral functions at a typical choice of parameters. The divergence
of Aψ(ω) at large ω is just due to our over-simple approximation at the conformal limit.
Recalling our zero-temperature results, we may think the spectral function can be well fitted
by power-law as shown in Fig 1(b). However, the fit only works in the region ω > 1/β.
This is because the low-energy is different from zero-temperature. Eqn 2.6, valid in the
conformal limit, is a low-energy result. Only when t ≪ β3, the finite-temperature results
can be treated as at zero-temperature where two-point functions have perfect power-law
behavior.

Figure 1. p = 0.5, βJ = βV = 1. (a) The spectral functions (b) We zoom in a subregion of (a)
to get the Figure (b). We use two power-law functions to fit the spectral function. The plot is on
a log-log scale. The fit works well after ωβ/2π > 1.

When p = 1, the solution above fails so we have to try the last fixed point. And we
find that,

Gχ(τ) = Gψ(τ) =
1

πV τ
+O(1/τ3) (2.10)

1Here, the definition of retarded Green’s function is GR(t) = θ(t) ⟨{A(t), B(0)}⟩β which is different from
the usual definition(up to a −i factor). Using this definition, the spectral function is defined as,

A(ω) = 2ReGR(ω), GR(ω) =

∫ ∞

0

dtGR(t)ei(ω+iϵ)t

where the extra factor 2 is chosen so that A(ω) satisfies
∫∞
−∞

dω
2π

A(ω) = 1.
2The continuation schemes for τ > 0 and τ < 0 are different.
3or ω ≫ β in frequency domain.
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2.2 J=0

When there is only coupling between χ and ψ, the Dyson equations are simplified to
quadratic algebraic equations, which gives us two sets of solutions. Using the asymptotic
behaviour of Gχ(ψ) → −1/iω at large ω, we obtain the physical solution,

Gχ =

√
pω2 + (p− 1)V 2 −

√
(
√
pω2 + (1 + p)V 2)2 − 4pV 4

2iV 2ω
(2.11)

Gψ =

√
pω2 + (1− p)V 2 −

√
(
√
pω2 + (1 + p)V 2)2 − 4pV 2

2ipV 2ω
(2.12)

When p < 1, the Gχ around ω = 0 is,

Gχ =
−iω

2
√
pV 2

⇒ A(ω = 0) = 0 (2.13)

When p = 1, the two point functions take simpler forms,

Gχ =
ω −

√
ω2 + 4V 2

2iV 2
, Gψ =

ω −
√
ω2 + 4V 2

2iV 2
(2.14)

which leads back to the semi-circle law for spectral function.

Figure 2. (a) p = 0.5 The spectral function show a gap in the low frequency region. (b) p = 1 We
can clearly see the semi-circle.

2.3 General Cases

For a general choice of parameters, we have to resort to numerics to obtain the two point
functions. Fig 3 shows the imaginary-time-ordered Green’s functions with typical choices
of parameters at conformal limit.

If either βJ or βV is not large enough, there will be numerical result will show large de-
parture from the conformal-limit solution. However, it is a little hard to read the differences
between the results at different parameters. So we resort to the spectral function.

If we want to have a look at the spectral function, we have to do analytical continuation
of the time-ordered Green’s function to get the retarded Green’s functions. This can be
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Figure 3. p = 0.5, βJ = βV = 50 which is very close to the low-energy regime. So there is only
a little discrepancy between the numerical results and the analytical results at conformal limit.

done with either Padé approximation or directly continue the Dyson equations. Here we
choose the second method, which is easier in this problem4.

The Dyson equation of the retarded Green’s function is written as,

[iGRχ (ω)]
−1 =− ω − Σ̃Rχ (ω)− it2

√
pGRψ (ω) (2.15)

[iGRψ (ω)]
−1 =− ω − Σ̃Rψ (ω)− it2

√
pGRχ (ω) (2.16)

One can refer to Appendix C.2 for the meaning of the notation.
We first show a result with parameters close to the conformal limit in Fig 4. We could

see that for ω < β, the numerical results perfectly coincide with the conformal-limit results5.
For large ω there is no divergence and no discrepancy between the numerics and analytical
results.

-20 -10 0 10
ω

β

� π


�(ω)
β

�χ

�ψ

Aχ at conformal limit

Aψ at conformal limit

Figure 4. p = 0.1, βJ = βV = 50 which is very close to the low-energy regime.

When we tune up the temperature while fixing V/J at a small value, we can see more
phases for different β

√
J2 + V 2 and p, some of which are lack at(near) zero temperature.

4Padé approximation is a standard method of analytical continuation. Basically it is to use a rational

function Pn(ω)/Qm(ω) to approach
ρ(ω)

ω − z
. However, in this problem ρ(ω) ∼ ω−1/2 or ρ(ω) ∼ ω1/2 in some

regime. So it is hard to use a rational function to simulate such a irrational behavior.
5Our RG analysis for the different fixed points valid only when we tune the cutoff down to zero, which

is allowed in zero temperature. However, for finite temperature, the cutoff is bounded by the temperature.
Only when we consider the physics much smaller than the temperature, can we run the RG down to zero
temperature and the analytical analysis valid again. This explains why we can only see the agreement for
ω < β.
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A typical result is shown in Fig 5. The dashed lines means crossover instead of phase
transition.

Figure 5. The phase diagram is obtained at V/J=0.2, (b1) p = 0.1, 1
β
√
J2+V 2

= 0.02; (b2) p = 1,
1

β
√
J2+V 2

= 0.005; (b3) p = 0.9, 1
β
√
J2+V 2

= 0.2; (b4) p = 0.9, 1
β
√
J2+V 2

= 0.9 .

Blue, Red and Brown When the temperature is low enough, the system is well
described by the conformal limit and different fields has the corresponding scaling respec-
tively shown on the figure. So if we increase the temperature a bit, it will not have large
departure, as indicated by the blue, red and brown regions. We can check the argument by
comparing the spectral functions obtained by numerics and analytical method, as shown in
Fig 5 (b1) and (b2).

White When the temperature is high enough, which means we are considering high-
energy physics, only χ∂τχ and ψ∂τψ are relevant. So the system is asymptotically free and
we only have many Majorana zero modes. The spectral function is very close to a delta

– 6 –



function sitting at ω = 0 as shown in Fig 5 (b4).
Yellow When the temperature is in a intermediate region, we can numerically solve

the spectral functions and compare it with some analytical results, as shown in Fig 5 (b3).
We find that Aχ and Aψ collapse with each other. Both can be well approximated A(ω)

obtained in the low-energy limit of a single SYK-4 model. So we could say both χ and
ψ have 1/4 scaling dimension. This is why we call the yellow region (1/4, 1/4). In zero
temperature limit, such a phase only exits when V/J = 0. So it is surprising to see this
phase emerges at finite temperature for V/J ̸= 0.

(1/2, 1/2) is a non-chaotic Fermi liquid. (1/4, 3/4), (3/4, 1/4) and (1/4, 1/4) are three
chaotic non-Fermi liquid. We will get back to this point and check it by solving the Lyapunov
exponent in the following section.

3 Lyapunov Exponent

The Lyapunov exponent is extracted from the exponential deviation behaviour of an OTOC.
Here we consider a symmetrized OTOC defined as,

F (t1, t2) = Tr ⟨W †(t1)V
†(0)e−βH/2W (t2)V (0)e−βH/2⟩ (3.1)

with t1 ∼ t2 ≫ 0. In our systems, we have to consider four OTOCs in total,

Fχχ(t1, t2) =
1

N

∑
i

⟨χi(t1)χj(0)χi(t2)χj(0)⟩ (3.2)

Fψψ(t1, t2) =
1

M

∑
α

⟨ψα(t1)ψβ(0)ψα(t2)ψβ(0)⟩ (3.3)

Fχψ(t1, t2) = ⟨ψα(t1)χj(0)ψα(t2)χj(0)⟩ (3.4)

Fψχ(t1, t2) = ⟨χj(t1)ψα(0)χj(t2)ψα(0)⟩ (3.5)

Each one has a negative disconnected part −G(t1 − t2)G(0) ∼ −1 and a positive discon-
nected part F̃×× suppressed by a large N factor. The disconnected part will exponentially
grow which define the Lyapunov exponent.

The disconnected parts satisfy the following Bethe-Salpeter equations,(
F̃χχ
F̃ψχ

)
(t1, t2) =

(
Kχχ Kχψ

Kψχ Kψψ

)
(t1, t2; t3, t4) ◦

(
F̃χχ
F̃ψχ

)
(t3, t4) (3.6)

Kχχ(t1, t2; t3, t4) = 3J2GRχ (t13)G
R
χ (t24)G

lr
χ (t34)

2

Kχψ(t1, t2; t3, t4) = V 2√pGRχ (t13)GRχ (t24)

Kψψ(t1, t2; t3, t4) = 3J2GRψ (t13)G
R
ψ (t24)G

lr
ψ (t34)

2

Kψχ(t1, t2; t3, t4) =
V 2

√
p
GRψ (t13)G

R
ψ (t24)

where GR(t) is real-time retarded Green’s function and Glr(t) is Wightman function defined
as Glr(t) = Tr ⟨A(t)e−βH/2B(0)e−βH/2⟩.
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3.1 Conformal Limit

If p = 1, the system can only stay at the (1/2, 1/2) fixed point. This is a Fermi Liquid, so
the Lyapunov exponent is T 2 like.
If p < 1, we take the following ansatz,(

F̃χχ
F̃ψχ

)
(t1, t2) = e

−hπ
β
(t1+t2)

 c1
N

(
cosh πt12

β

)h−1/2

c2√
MN

(
cosh πt12

β

)h−3/2

 (3.7)

The largest |h| satisfies

1 =
3 + (−2− 2h)p2

1− 2h
(3.8)

It has h = −1 as a p-independent solution, which gives the maximal chaotic behaviour(λL =

2π/β).

3.2 General Cases

From the symmetry consideration, we can only take p ≤ 1. We first assume p < 1 in the
following discussion. And let’s consider several limit cases.

We first discuss fixing V/J to be small and tune the temperature from low to high. As
we shown in Fig 5, we will go through the (1/4, 3/4), (1/2, 1/2) and (1/4, 1/4) successively
and finally fall into a free system. We check this point by solving the spectral function
in that section. Now we check this by solving Lyapunov exponent and we will see λL will
decrease first and increase again followed by a final drop down to zero, as proved in Fig. 6.

Figure 6. Lyapunov exponent with fixed V/J . The two peaks at low and intermediate temperature
means the system is now at a chaotic non-Fermi liquid phase. The first dip means it is at a non-
chaotic Fermi-liquid phase. And the final drop means the system gradually become free. p = 0.6

and V/J=0.32.

The we discuss fixing temperature and tune the coupling V/J .
If the temperature is very high, then the system is asymptotically free, which means

the system is non-chaotic at all no matter at what values other parameters are..
If the temperature is very low β

√
J2 + V 2 ≫ 1. Then we can use the results at

conformal limit to make some predictions.
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• V/J ≪ 1, the system is close to two decoupled SYK-4 which will sit near the (1/4, 1/4)
fixed point. So the Lyapunov exponent will be close to 2π/β (depends on how low
the temperature is).

• As V/J , the system will be driven to the (1/4, 3/4) fixed point, where the Lyapunov
exponent will again be close to 2π/β. In between, it is hard to make prediction
whether the λL is large or small.

• V/J ≫ 1, the fermion bilinear term will eventually dominate, and make the system
look like a simple Fermi liquid (corresponds to the (1/2, 1/2) fixed point). So the
Lyapunov exponent will be small in this limit.

In Fig 7 we show the numerical results obtained by numerically solving the self-
consistent equations of four point functions. Roughly speaking, the decreasing of λL means
the system is driven away from the (1/4, 1/4) fixed point. And the followed increasing
means it is approaching the (1/4, 3/4) region, which indicates the system now again will
behaves like a non-Fermi liquid. The final decreasing tells us that the system is destroyed
to be a Fermi liquid.

Figure 7. We fix β
√
J2 + V 2 = 40. λL will decrease first and increase then. When V is large

enough, λL will decrease to zero.

An exception is of course when p = 1. The result in conformal limit tells us the system
now at low energy is a Fermi liquid, whose λL is much smaller. So after we turn on the
coupling, the system will soon be driven away from the (1/4, 1/4) fixed point to the Fermi
liquid phase, which is verified in the numerical results of λL shown below in Fig 8.

0.2 0.4 0.6 0.8 1.0 1.2
V/J

0.2

0.4

0.6

λ�
β

� π


Figure 8. λL at p = 1, β
√
J2 + V 2 = 40. λL monotonically decreases with increasing coupling.
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What’s more, at low temperature, the Lyapunov exponent of a Fermi liquid is propor-
tional to T 2 [2]. So we expect a T 2 at low temperature for the (1/2, 1/2) phase. This can
also be directly verified numerically6. The result is shown in Fig 9.

Figure 9. λL of the Fermi liquid phase. p = 1, V/J = 0.5. The blue dots are numerical data and
the red line is fitted curve. The vertical axis is λLβ/2π instead of λL. And the horizontal axis is
βJ instead of T/J . So here slope= −1 means T 2 law.

4 Effective Action and Entropy

To get its effective action using replica trick, we have to assume all the disorder fields obey
Gaussian distributions.

P (Jijkl) =
1√

2π · 3!J2/N3
exp

(
−

J2
ijkl

2 · 3!J2/N3

)
(4.1)

P (J̃αβγδ) =
1√

2π · 3!J2/M3
exp

(
−

J̃2
αβγδ

2 · 3!J2/M3

)
(4.2)

P (Vjα) =
1√

2π · V 2/
√
MN

exp

(
−

V 2
jα

2 · V 2/
√
MN

)
(4.3)

We compute the effective action using replica trick. Perturbatively, the two-point correlation
between different replicas is zero. By assuming the preservation of the replica symmetry,
we could find that the system is self-average

ZM = Z
M

So that we could deal with Z directly. By the introducing self-energy and two-point function
as two new fields, we can write it as,

Z =

∫
DΣDG exp(−Seff) (4.4)

6In numerics, we have to use a relatively large V/J to avoid the (1/4, 1/4) phase and we cannot go into
extremely low temperature for the sake of stability of numerics.
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where,

Seff = −N logPf(∂τ − Σχ) +
β

2

∫
dτ

(
NΣχGχ −

NJ2

4
G4
χ

)
−M logPf(∂τ − Σψ) +

β

2

∫
dτ

(
MΣψGψ − MJ2

4
G4
χ

)
−β
2
V 2

√
MN

∫
dτGχGψ

It can be seen clearly that the action has a large N structure which means its saddle
point faithfully reflects the system. The classical equations of motion reproduce the Dyson
equations encountered at section 2. Taking the saddle point approximation(which is exact
under large N), the free energy is directly related to the action.

F = − 1

β
logZ = − 1

β
logZ = Seff/β (4.5)

In the second equality, we use the fact that the system is self-averaged. As a dimensionless
quantity, Seff can only be a function of the dimensionless parameters of the system, say,

Seff = Seff(βJ, βV,M,N)

So we have β
∂Seff
∂β

= J
∂Seff
∂J

+ V
∂Seff
∂V

. This can help us to easily obtain the energy,

E =
∂Seff
∂β

= −
∫ β

0
dτ

(
NJ2

4
G4
χ +

MJ2

4
G4
ψ + V 2

√
MNGχGψ

)
(4.6)

Due to Σ and G obey the equations of motion, the only contribution comes from those
terms with explicit dependence of J and t.

The thermodynamic entropy is,

S = logZ − β
∂ logZ

∂β
= −Seff + β

∂Seff
∂β

(4.7)

= N logPf(∂τ − Σχ)−
β

2

∫
dτ

(
NΣχGχ +

NJ2

4
G4
χ

)
M logPf(∂τ − Σψ)−

β

2

∫
dτ

(
MΣψGψ +

MJ2

4
G4
χ

)
−β
2
V 2

√
MN

∫
dτGχGψ

In the following we consider the entropy density S/N . At very small but still finite
temperature,

• When V/J is small, the system behaves like two decoupled SYK-4. So the entropy
equals to (1 + p)S0(SYK− 4).
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Figure 10. The change of entropy density with respect to coupling V/J . We fix β
√
J2 + V 2 = 40.

For small p, |Smin − Smax| at zero temperature is large and we can still see the re-increment at a
finite temperature. For larger p, say p = 0.7 in (b), |Smin − Smax| is small. So curve of S at finite
temperature is easily flattened by the temperature.

• When V/J is larger, the system is driven close to the (1/4, 3/4) fixed point. Analytical
calculation shows that S = (1− p)S0(SYK− 4).7

• After V/J is large enough, the system is close to the (1/2, 1/2) fixed point, which is
a fermi liquid. Naive thought will give the prediction of no zero-temperature entropy.
However, if, for example, M < N , there will be N−M Majorana zero modes surviving
the coupling, which gives (1− p) log 22 > (1− p)S0(SYK− 4).

So if we increase βV with β
√
J2 + V 2 fixed, we anticipate the entropy will decrease first

followed by a increase at large V/J . This is verified by the numerics shown in Fig 10. For
the range shown in Fig 10 (a), the entropy still doesn’t have reached (1 − p) log 22 . But for
large enough V/J , it indeed reach the predicted value.

We can see that the variation of entropy is similar to that of Lyapunov exponent shown
in Fig 7. To see the comparison more clearly, we plot the entropy and Lyapunov exponent
in the same figure shown Fig 11. It is clear that λL arrives at the maximum when S/N

arrives at the minimum, both are features of the (1/4, 3/4) non-Fermi liquid phase.

5 Conclusions

In spite of the innocuous appearance of a bilinear coupling, such a term brings the system
a rich phase structure.

7For a single SYK, the conformal limit result tells us that the entropy satisfies,

∂S

∂∆
= −

(
1

2
−∆

)
π tanπ∆

By integration, we can see that S(∆ = 1/4) = −S(∆ = 3/4).
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Figure 11. Comparison of entropy and Lyapunov exponent. We fix β
√
J2 + V 2 = 40.

Zero Temperature Simply by the RG argument, we could see the system has the
following well-defined fixed points, representing different phases,

V/J ̸=0


[χ] = 1/4, [ψ] = 3/4;

[χ] = 3/4, [ψ] = 1/4;

[χ] = 1/2, [ψ] = 1/2.

V/J =0, [χ] = 1/4, [ψ] = 1/4.

V/J =∞, [χ] = 1/2, [ψ] = 1/2.

The scaling above can be make more accurate at the level of two-point function. Analytical
calculation shows that (1/4, 3/4) and (3/4, 1/4) phases occur for p < 1 and p > 1 respec-
tively. And the V ̸= 0 (1/2, 1/2) phase can only live when p = 1. Apart from (1/2, 1/2)

phase, all of the other are chaotic non-Fermi liquid and saturate the chaos bound.

Finite temperature All of the zero-temperature phases can still survive at a not
very high temperature. What’s more, even when V/J is non-zero, the (1/4, 1/4) chaotic
non-Fermi liquid can re-occur at the intermediate temperature, which is absent at zero
temperature. This is shown in Fig 5.

So if we fix V/J to be small and tune the temperature from low to high, we will go
through the (1/4, 3/4), (1/2, 1/2) and (1/4, 1/4) successively and finally fall into a free
system.

If we fix p < 1, temperature to a low value and tune up V/J from zero, we will go
through (1/4, 1/4), (1/4, 3/4) and (1/2, 1/2) respectively.

All of these points can be checked with both spectral function and Lyapunov exponent.
When fixing temperature, the thermodynamic entropy is also a useful tool.
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A Details of the Calculation at Conformal Limit

A.1 Two Point Function in Imaginary Time

For p < 1, we talk the ansatz that,

Gχ(τ) = a
sgn(τ)

|τ |1/2
, G̃χ(iω) = a2iΓ(

1

2
) sin(

π

4
)sgn(ω)|ω|−1/2 (A.1)

Gψ(τ) = b
sgn(τ)

|τ |3/2
, G̃ψ(iω) = b2iΓ(−1

2
) sin(−π

4
)sgn(ω)|ω|1/2 (A.2)

To solve the Dyson equations, we drop the J2G3
ψ term in Σψ because it is much smaller

than Gχ at low energy limit. Then we get,

ab =
1

4πV 2

√
p (A.3)

a3

b
=
V 2

J2
(
1
√
p
−√

p) (A.4)

which gives us the solution.

A.2 Retarded Green’s Function in Frequency Domain

We start from a general expression,

GR(t) = Aθ(t)

[
sinh

πt

β

]α
= Aθ(t)

(
eπt/β − e−πt/β

2

)α
(A.5)

where α = −2∆ in our case.

GR(ω) =2−αA

∫ ∞

0
dt eiωt(eπt/β − eπt/β)α

=2−αA

∫ ∞

0
dt eiωteαπt/β(1− e−2πt/β)α

We make a variable substitution x = e−2πt/β . The integral can be written as,

GR(ω) = 2−αA
β

2π

∫ 1

0
dx(1− x)αx−

α
2
− β

2π
iω−1

Recalling the definition of Beta Function B(p, q) =
∫ 1
0 dx(1 − x)p−1xq−1, we get the final

result,

GR(ω) = 2−αA
β

2π

Γ(α+ 1)Γ(−α
2 − β

2π iω)

Γ(α2 − β
2π iω + 1)

(A.6)
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A.3 Lyapunov Exponent

At conformal limit the retarded Green’s functions and Wightman Green’s functions can be
easily obtained from analytical continuation from the imaginary time results.

For simplicity, we write the ansatz as,(
F̃χχ
F̃ψχ

)
(t1, t2) = e

−hπ
β
(t1+t2)

(
c1/Nf1(t12)

c2/
√
MNf2(t12)

)
(A.7)

We drop the Kψψ term again because it is much smaller than other terms when consider
long time. Notice that f2(t) ∝ f1(t)G

lr
χ (t)

2, the equations can be written as,

c1e
−hπ

β
(t1+t2)f1(t12) =(c1 +

t2

3J2

β

b2π
c2)Kχχ(12; 34) ◦ e−h

π
β
(t3+t4)f1(t34) (A.8)

c2e
−hπ

β
(t1+t2)f2(t12) =Kψχ(12; 34) ◦ e−h

π
β
(t3+t4)c1f1(t34) (A.9)

We can make use of the known result (see Section F in ref. [1]) to get the following equations,

c1 = (3J2c1 + t2
β

a2π
c2)

1

J̃2
a

1

1− 2h
(A.10)

c2 = 3b2/3
π

β
c1t

2 1

J̃2
b

(A.11)

where J̃2
a =

1

4πa4
, J̃2

b =
1

4πb4/3
.8 Combining them, we could get Eqn (3.8).

B Details of the Effective Action

The replicated partition function under disorder average is (here M is the number of repli-
cas),

ZM =

∫
dJijkldJ̃αβγδdVjαP (Jijkl)P (Jαβγδ)P (Vjα)

∫
DχDψ eS

M

=

∫
DχDψ exp

(
−SM [χ]− SM [ψ]− SM [χ, ψ]

)
(B.1)

where(we use summation over j and α implicitly),

SM [χ] =

∫ β

0
dτ
∑
a

1

2
χaj∂τχ

a
j −

J2

8N3

∫ β

0
dτ1dτ2

∑
a,b

(χaj (τ1)χ
b
j(τ2))

4 (B.2)

SM [ψ] =

∫ β

0
dτ
∑
a

1

2
ψaα∂τψ

a
α − J2

8M3

∫ β

0
dτ1dτ2

∑
a,b

(ψaα(τ1)ψ
b
α(τ2))

4 (B.3)

SM [χ, ψ] =
1

2

V 2

√
MN

∫ β

0
dτ1dτ2

∑
a,b

χaj (τ1)ψ
a
α(τ1)χ

b
j(τ2)ψ

b
α(τ2) (B.4)

8These two auxiliary quantities are defined to utilize the known results.
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Because the χψ−χψ scattering process is suppressed by large N, we only make decoupling
in χχ and ψψ channels.

δ(Gabχ − 1

N
χajχ

b
j) =

∫
DΣabχ exp

(
−N

2
Σabχ (Gabχ − 1

N
χajχ

b
j)

)

δ(Gabψ − 1

M
ψaβψ

b
β) =

∫
DΣabψ exp

(
−M

2
Σabψ (Gabψ − 1

M
ψaβψ

b
β)

)
In terms of G and Σ, the partition function is,

ZM =

∫
DΣDGDχDψ exp (−S[χ]− S[ψ]− S[χ, ψ]) (B.5)

where,

S[χ] =

∫
dτ1dτ2

1

2
χaj

(
δabδ(τ1 − τ2)∂τ2 − Σabχ (τ1, τ2)

)
χbj +

N

2
Σabχ G

ab
χ − NJ2

8
Gabχ (τ1, τ2)

4

(B.6)

S[ψ] = S[χ](χ→ ψ,N →M)

S[χ, ψ] = −V
2

2

√
MN

∫
dτ1dτ2G

ab
χ (τ1, τ2)G

ab
ψ (τ1, τ2) (B.7)

We assume different replicas don’t talk to each other which tells us,

ZM = Z
M

So the system is self-averaged. And we can deal with Z directly.

Z =

∫
DΣDG exp(−Seff) (B.8)

where,

Seff = −N logPf(∂τ − Σχ) +
β

2

∫
dτ

(
NΣχGχ −

NJ2

4
G4
χ

)
−M logPf(∂τ − Σψ) +

β

2

∫
dτ

(
MΣψGψ − MJ2

4
G4
χ

)
−β
2
V 2

√
MN

∫
dτGχGψ

And we have used the periodic property of Σ(τ1 − τ2) and G(τ1 − τ2) to simplify the
integration.9

9∫ β

0
dτ1

∫ β

0
dτ2f(τ1 − τ2) = β

∫ β

0
dτf(τ) if the integrand is periodic by shifting β.
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C Analytical Continuation of Two Point Functions

C.1 Spectral Decomposition of Various Two-Point Functions and Their Rela-
tion

We consider general cases here10. The retarded Green’s function is written as,

GR(t) = θ(t) ⟨{A(t), B(0)}⟩β = θ(t)Tr ⟨e−βH{A(t), B(0)}⟩ (C.1)

where A and B are two fermionic operators. In terms of the complete set of states, it can
be written as,

GR(t) = θ(t)
∑
α,β

eitEαβAαβBαβ(e
−βEα + e−βEβ ) (C.2)

In frequency domain,

GR(ω) =

∫ ∞

−∞
dtGR(t)ei(ω+iη)t = i

∑
α,β

AαβBβα
ω + Eαβ + iη

(e−βEα + e−βEβ ) (C.3)

Recalling the formula
1

x+ iη
= P

1

x
− iπδ(η), we have,

A(ω) = 2ReGR(ω) = 2π
∑
α,β

AαβBαβ(e
−βEα + e−βEβ )δ(ω + Eαβ) (C.4)

or,

A(ω) = GR(ω + iη)−GR(ω − iη) (C.5)

Conversely, we could write GR(ω) as,

GR(ω) = i

∫
dz

2π

A(z)

ω + iη − z
(C.6)

We can check that for A = B = χ, we have the following normalization∫
dω

2π
A(ω) = 2.

The other two-point function we are interested in can be obtained from A(ω) via a Hilbert
transformation. One is the imaginary-time-ordered Green’s function,

G(τ) = T ⟨A(τ)B⟩β = θ(τ)Tr ⟨e−βHA(τ)B(0)⟩ − θ(−τ)Tr ⟨e−βHB(0)A(τ)⟩ (C.7)

Using spectral decomposition, we can write it as,

G(τ) =
∑
αβ

eτEαβAαβBβα(θ(τ)e
−βEα − θ(−τ)e−βEβ ) (C.8)

10For the conciseness of formulas, all the renormalization factor
1

Z
will be omitted in our following

discussion.
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In frequency domain,

G(iωn) =

∫ β

0
dτG(τ)eiωnτ = −

∑
αβ

AαβBαβ
iωn + Eαβ

(e−βEα + e−βEβ ) (C.9)

So we have,

G(iωn) = −
∫ ∞

−∞

dz

2π

A(z)

iωn − z
(C.10)

Comparing with Eqn C.6, we know GR(ω) = −iG(iωn)|iωn→ω+iη.
Another one is the Wightman Green’s function,

Glr(t) = Tr ⟨e−βH/2A(t)e−βH/2B(0)⟩ =
∑
αβ

e−β(Eα+Eβ)/2eiEαβtAαβBβα (C.11)

In frequency domain,

Glr(ω) =

∫ ∞

−∞
dtGlr(t)eiωt = 2π

∑
αβ

e−β(Eα+Eβ)/2AαβBβαδ(ω + Eαβ) (C.12)

So we have,

Glr(ω) =
A(ω)

cosh(βω/2)
(C.13)

C.2 Dyson Equations for Retarded Green’s Functions

We have known the Dyson equations in imaginary time. Based on the spectral decompo-
sition, we can simply do the analytical continuation iω → ω + iϵ in frequency domain to
get the retarded Green’s function. Such a analytical continuation can also be done at the
equation level [2].

However, the two first equations of Eqn 2.2 and Eqn 2.3 is written in time domain,
which brings us difficulties. So we have to first write down Σ(iωn) in terms of spectral
functions and do analytical continuation then. For example,

Σχ(τ) = J2Gχ(τ)
3 + t2

√
pGψ(τ) (C.14)

The second term is easy to be continued so we only focus on the first term here, written as
Σ̃(τ).

Σ̃(iωn) =

∫ β

0
dτeiωnτΣ(τ) =

J2

β2

∑
ω1,ω2

G(iω1)G(iω2)G(iωn − iω1 − iω2)

=
J2

β2

∑
ω1,ω2

∫ ∏
i

(
dzi
2π

A(zi)

)
1

z1 − iω1

1

z2 − iω2

1

z3 − iωn + iω1 + iω2

=− J2

∫ ∏
i

(
dzi
2π

A(zi)

)
nF (z1)nF (z2)nF (z3) + nF (−z1)nF (−z2)nF (−z3)

iωn − z1 − z2 − z3
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Now we can safely do the replacement iωn → ω + iη in the last equation.

Σ̃R(ω) =− J2

∫ ∏
i

(
dzi
2π

A(zi)

)
nF (z1)nF (z2)nF (z3) + nF (−z1)nF (−z2)nF (−z3)

ω − z1 − z2 − z3 + iη

=iJ2

∫ ∞

−∞
dtei(ω−z1−z2−z3)tθ(t)

[∏
i

∫
dzi
2π

A(zi)nF (zi) +
∏
i

∫
dzi
2π

A(zi)nF (−zi)

]

where nF (z) =
1

eβz + 1
is the Fermi distribution function11. We introduce two auxiliary

functions g(z) = A(z)nF (z) and g̃(z) = A(z)nF (−z). So that,

Σ̃R(ω) = iJ2

∫ ∞

−∞
dteiωtθ(t)(g(t)3 + g̃(t)3) (C.15)

And we arrive at the final result,

[iGRχ (ω)]
−1 =− ω − Σ̃Rχ (ω)− it2

√
pGRψ (ω) (C.16)

[iGRψ (ω)]
−1 =− ω − Σ̃Rψ (ω)− it2

1
√
p
GRχ (ω) (C.17)

If we take a more common definition GR(t) = −i ⟨{A(t), B(0)}⟩β , then we can get rid
of the awkward i factors and write the equations as,

GRχ (ω)
−1 =ω + Σ̃Rχ (ω)− t2

√
pGRψ (ω) (C.18)

GRψ (ω)
−1 =ω + Σ̃Rψ (ω)− t2

1
√
p
GRχ (ω) (C.19)

where A(ω) = −2ImGR(ω) with the definition of Σ̃(ω) unchanged.
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