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Probability
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Some Useful Concepts

m Cumulative distribution function (CDF) C(x)

The probability for the outcome lying in the interval (—co, ]. It is a monotonically increasing

function with limit C(z » ) =1. E.g. ,

CDF for Gaussian, u=0, o=1
P(x)
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m Probability distribution function (PDF) P(x)
P(z) = d C(x)/ d x. Therefore it is normalized f P(x)dxz =1. And the probability for the outcome
lying in the interval [z, z + d ] can be written as P(z) d z. E.g. ,

Gaussian Distribution, =0, o=1
P(x)
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e For many random variables {x1, 22, ... y}, we can define the joint probability distribution func-
tion Py(x1, ..., zy). If they are independent, we have, Py(zy, ..., y) = Pi(21) ... Pn(zp).

m Mean, Variance & Moments
e Expectation value or mean
U= fx Px)dzx
e Variance and standard deviation
o? =<1‘2> —(x)? = fz:z Px)ydz - (fx P(x) d:r)2

e nth Moment , depending on the distribution function, it may or may not exist.

my = fxm Px)dzx

_(X-u)2

o
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m Generating functions

e Characteristic function or generating function of moments. It is simply the Fourier transforma-
tion of the probability distribution

(k) = <e’“’”> = fe“” Px)dx.

Its Taylor expansion gives all the moments,

e8] y n
=1

pky= >

n=0

(™)

e The generating function of cumulants. It is simply the logarithm the the Fourier transformation

> (=i k)" = (—i k)"
logio(k>=log[1+z : <x">]=z —= e,
n: :

n=1

n=1
where (z™) ¢ is called the nth cumulant, which is analogous to the connected n-point function in
QFT. The first three cumulants are,

(Z)c ={(x), mean;
<$2>C = (J:2> —(z)¢?, variance;
<$3>c = <$3> -3 <5L'2>C (x) —(x)c>, skewness.

For example, in Gaussian distribution, all higher order cumulants vanishes; in Poisson distribu-
tion, all cumulants are the same.
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Central Limit Theorem

= Motivation

For a generic many-body (macroscopic) system, experiments can only access those macroscopic
quantities, such as energy, pressure, temperature and so on. Those macroscopic quantities usually
can be expressed as a summation over microscopic degrees of freedom, i.e.

1
Q=N(q1+q2+---+qzv), (1)

where ¢ denotes the physical quantity and N >> 1 is the number of particles.

There can be complicated interactions among particles such that ¢;’s may develop complicated
correlation and follow a complicated joint probability distribution. However, due to N >> 1, the
average may make @ follow a relative simple rule.

The central limit theorem partially gives a positive answer to this question. If ¢;’s are all inde-
pendent and satisfy an identical distribution (the second assumption is not necessary but will
make the discussion much simpler), as N goes large, @ will satisfy a Gaussian distribution, which
is determined by the probability distribution of ¢; .

m Uniform Distribution

We first consider the uniform distribution,

1 O<z<l1
P(x) = .
@) {0 r<0&z>1 @
Its mean is (z) = 1/2. Its standard deviation is o = |/(z?) - (z)? = ﬁ ~ 0.289.

Now we study the properties of the probability distribution of
T+ + ...+ TN
XC = )
N

where z;’s are all independent variables drawn from the uniform distribution P(z). X¢ indicates

that it is like a center-of-mass position.
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It is easy to see that (X¢) = (x) = 1/2. But how about its standard deviation? We can first do a
numerics.

Standard Deviation of X
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One can see that o decreases in a fashion as 1 / AN

We can also check its profile, which looks close to a Gaussian distribution.
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m Binomial Distribution

Here we consider the Binary distribution with success probability 0 < p <1,

Pa) = { P X € success

1-p xefail ®)

We can use 1 to represent success and 0 to represent fail. If we do the experiment (like tossing a
coin) N times, and denote the total outcome as

outcome = x| + Ty + ... Ty

then the probability for having outcome = m € 7 is
N
mel — N-m
()P a-» @)

m satisfies the Binomial distribution B(N, p) , e. g.
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B(N=40, p=0.5)
P(m)
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For N times repeated experiments and success probability p, the Binomial distribution B(N, p)
has,

(my=Np, o,°=Npl-p) (5)

We can also normalize the outcome by N, i.e. define the averaged outcome,
I+ + ...+ TN

Xco = ,
¢ N
which will have,
p(l-p)
(Xey=p, ox’= (6)

N
Again, the standard deviation decreases in a 1 / v N fashion. And The probability distribution for
X or m will approach a Gaussian distribution as N increases,

Distribution of m, N=100, p=0.3 Distribution of X, N=100, p=0.3
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The fact that B(N, p) as N increases approaches a Gaussian distribution can also be shown
analytically.
N N!
BN, p; m) = ( )pm(l -pN s ————— pa-p
m m! (N —m)!
Now we use Stirling approximation (equivalent to one kind of steepest descent method):
logN! ~ NlogN - N+ % log 27 N then we have,

my¢ 1= N-m N
v o (2 (A2 [
m N-m 27 m(N - m)
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m-N p
N

Ne+p) ¢ 1 — N(-p-z) N
o) )
p+zT l-p-x 2r (x+p)(1-p-1x)

If we only focus on the region near the center of the distribution, i.e. z<<1, then we can

Introducing x = , we have,

approximate,

1
log P(x) = —N(x+p)log[1+ f)—N(l—p—ﬁv)log[l— %)+ 5 log@2aN+p (1-p-1x)
p —-P
r 2
~—-N(z+p) (— - —]+ N(l—p—x)(
p 2p

3;2

+
1-p 201-p?

1
]+§log(27rN(x+p)(1—p_$))

So we have,

N 2
P~ |— 1+ O) exp[—x— + O(N x3)] )
27 p(1-p) 2pl-p/N

or if we use 6 = N z, we have

1 5 62 53
AR B T W | .
27 N p(1 - p) N 2pl-p) N N2

which as N increases indeed approaches a normal distribution.

m Other random examples

Here let’s randomly take some distribution function P(z), 0 <x <1 and see what the result
look like.

N=1 N=5
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0.000 + 1 1 . + 0.000# . . 1 1 0.000 b
05 0.0 05 10 05 0.0 05 10 ~03 —02

m The General Theorem

In the examples above, we see that as we draw more from the same probability distribution,
the average quantity will satisfy a Gaussian distribution. As we said in the first section, this is
not accident but reveals a very deep mathematical fact: the (classical) central limit theorem
(CLT).

CLT: Let’s take an arbitrary probability distribution P(z) with finite mean u and variance 2.

{z1, ..., zy} are N i.d.d. random wariables drawn from P(z). If we look at the average
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Xeo = % >N, 3, its probability distribution will approach a normal distribution with mean u and
variance o> / N .

Proof:

By definition, the probability distribution of X is,

1 N
Py(Xo) = fd 7 ... d Ty 6[Xc - N Zx,) P(xy) ... P(xy),

i=1
where we have used the i.d.d. condition. Therefore, its Fourier transformation (the so called charac-
teristic function) is,

. ) d i+ N
fe‘lkxc P(Xc)aZXc=fdx1---de ¢ F T Play) . Pa) z(fd”ﬂ%”)m)

—00

I R
_ 1—z%u— % (%]2@2% O(%)]N
_ exp Nlog[l—i%u— % (%]2 (%) + O(%]]]

In the large-N limit, we can expand the log function and get,
. k 1 (kY 1
-1k Xo _ . 2
e PXeo)dXeo =ex N[—z— ——(—] o +O(—)]
ﬁ p[ N g 2\N N3 ]

(I) If P(z) decays fast enough for large |z —pu |, then (™), m =2 are all finite and we can drop
the O(N ‘3) terms at large N. Finally, by doing an inverse Fourier transformation, we get,

1 [ (X¢ - w?

1/27‘(0‘2/N 20'2/N

(IT) If P(z) decays too slow, variance and higher order moments may not exist. For example,
P(x)~2717*, 0<a<2 for large z. Then Ppy(X() still converge to a certain distribution but not
Gaussian in general.

PN(XC): ]7N—)OO

QED

Poisson Distribution

m Derivation

Poisson distribution is also a very common PDF'. It appears when:
(1) observing some event over a time period T
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(2) the probabilities for the event happening at different times are independent

Classical examples are nuclei decay, receiving phone calls and so on.

Assume the probability for one event in a small time interval dt is Adt, where T = M dt. The
probability that no event happening in time T is,

T M
Py, =1 -adt)M = (1—AM] =T,

Now we want to know after time T, the probability for m events.

We divide T into M >> 1 small intervals. In each interval, the probability for one event is A dt,
the probability for no event is 1 —Adt and we omit the probability for multi-event since it is too
small.

Therefore, in each interval we have a independent binary distribution with random variable
m;. The total outcome m = my + ... + my;. The characteristic function for each binary distribution is

pe'trg p=2adt, g=1-p
Those binary distribution for different intervals are independent. Thus the characteristic function
for the total distribution is,

‘ ‘ T M (AT)H'L
AdteFe1-adt) = [1+(eF-1)a —| = ~1aT) ="t
(\dt ek + ) ( H(et -] —expl(et ¢ Z

Lk m

We can perform an inverse Fourier transformation to get
@anm

m!

PAT; 2= et T Zé(:c— m)

m=0

)

m Properties

s Fix T

The physical meaning of P(A T'; m) is fix a time, the probability for m events happening.

e The self-consistent condition,

m

AT
Sum[Exp[—AT]
m!

» {m, 0, °°}]
1

e Mean value of m,

(an”
Sum[m EXp[-AT] sy {Mm, O, oo}]

m!

AT
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e Demonstration of the CLT: From the derivation, we see that m can be interpreted as a summa-
tion over many i.d.d. random variables drawn from a binary distribution. Therefore, it is not
surprising that as 7T is large, the Poisson distribution will approach a Gaussian distribution.

P (m)
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One can expand log P(A T'; m) near m = (m) = A T. Notice when T >> 1, (m) =24 T is also large
thus we can use Stirling formula. And one can prove the Gaussian form. Instead of giving a
detailed proof, we simply give a numerical check:

P (m) P (m)
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m Fix m

We first check the normalization condition

(amn
Integrate[Exp[—A T] s {T, 0, ©}, Assumptions »m2 0 && 2 > 0]
m!
1
A

PQ, m; Ty=2e*TA T)™ /m! is a PDF with respect to 7.

P, m;T)
03 — m=1
02 — m=3
0.1 — m=6
2 6 8 10 T

Because P(A, m; T)dT = PAT; m)Ad T, where P(A T; m) is the probability for m events to
the time T and A d T is the probability for one event happening during the interval [T, T + d 17,
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we conclude the following interpretation:
The physical meaning of P(A, m; T)dT is the probability for (m + 1)th event happening at the
interval [T, T +d T1.

e Fix m, mean value of T,

m

Integrate[T)L Exp[-AT] , {T, 0, ©}, Assumptions - m2 0 && 2 > 0]

m!

1l+m

A



