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Abstract

In this note, we discuss the effect of interaction on the topological classification of one-
dimensional free fermion with time reversal symmetry 72 = 1. The discussion follows [1-3]
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1 Introduction

Fermion systems are born with an on-site Z, symmetry, the fermion parity (—1)¥. Therefore,
they generally give rise to a richer structure of the topological phases. For example, one-
dimensional boson/spin systems, which do not have any symmetry constraint, cannot realize
any topological phase. On the contrary, one-dimensional fermion systems can have a non-
trivial topological phase characterized by the presence of localized Majorana mode at the edge.
If there are two Majorana fermions at each end of the open chain, a local coupling term can
easily gap them out. An equivalent viewpoint is to consider two parallel chains. If each has a
single Majorana fermion, they can weakly interact and cancel each other. Thus, they fall into
a Zo classification. A concrete lattice model that realizes both phases is the Kitaev chain

H = 1Tg iX2j-1X2; + 1% ZiX2jX2j+1 (1)
J J

which is in the trivial phase when g < 0 and topological phase when g > 0. To understand
the Z, classification in this model, let us consider two parallel Kitaev chain H = H® + H®),
both of which are tuned at g = 1, the ﬁxed point of the topological phase. Then on the left
edge, there are two Majorana zero modes X ) and X( ) giving rise to a two-fold generate states.
However, a local perturbation AH = zxg ) X§ ) can easily lift the degeneracy and trivialize the
system. Similar analysis applies to the right edge.

Now, let us add one more symmetry to the system, the time-reversal symmetry 7. Since
we are considering spinless fermions, the time-reversal is defined by!

T '=¢c, T*=1, T(-1D)F=(-D)fT (2)

where c is the annihilation operator of the complex fermions. Thus, the time-reversal acts on
the Majorana fermion in the following way

TxojaT™ = xa5-1, Txoi T~ = —x; (3)

This additional symmetry constrains the allowed local perturbation and enlarges the space of
topological phases. If we disallow interaction, namely, the Hamiltonian must be a fermion
bilinear, the topological classification is augmented from Zs, to Z. For example, we can consider
N parallel Kitaev chains at ¢ = 1. All the quadratic coupling terms between the localized
Majorana modes on the same edge violates the time-reversal, e.g.

( ZA]kxl ! ) ( ZAkal X4 )

!The time-reversal symmetry in real-world fermion systems always satisfies 72 = (—1)¥ rather than the one
T? =1 that we are considering here. To make a connection between then, we can regard the time-reversal 7" in
this note to be related to the actual one T,.:,q concatenated with a reflection, i.e. T = RT,c1uq such that it
preserves the direction of spin and squares to 1. More explicitly, let R be the reflection with respect to the xy
plane, then we have

T = Rluctual = 0200, K = —0, K

It acts diagonal in the o, basis and squares to 1.



and are forbidden. Therefore, all the N Majorana modes can survive, which gives rise to the
7 classification.

However, the story can change dramatically when interactions, quartic terms of the fermions,
are allowed. There are two possible scenario:

e Some inequivalent topological phases now become equivalent in the presence of interac-
tion. Namely, one can find a smooth path in the space of Hamiltonian that connects the
two phases without going through a transition.

e New topological phases can arise, which do not have any free-fermion analogue. [Maybe
the inverse problem is interesting, i.e., given an anomaly, whether it is realizable in free
fermion.]

It turns out that only the first scenario happens in this case and the classification is reduced
from Z to Zg. The eight different phases can be constructed from N parallel Kitaev chains
with symmetric interaction, and they are physically characterized by either the projective
representation or unpaired Majorana mode on the edge for N being even or odd, respectively.
We will call them a mod-8 anomaly on the edge. The results are summarized below

Nmod8 | T? | [T,(-1)*]¢=0| [N mod8| T? |
0 1 1 1 1
2 1 —1 3 —1
4 —1 1 5 —1
6 ~1 —1 7 1

The data for N mod 8 being odd requires some clarification and we will come to that in the
later section.

In the rest of this note, we will explicitly compute the mod 8 anomaly and thus the Zg
classification. We will also generalize our discussion to the case T? = (—1)f and show that it
exhibits a mod-2 anomaly. To further confirm the classification, we will explicitly construct a
path in the Hamiltonian space that smoothly connects the eight Kitaev chains in the trivial
phase and in the (free-fermion) topological phase.

2 Mod-8 anomaly

In this section, we will explicitly compute the anomaly on the edge to determine the classi-
fication. Our strategy is the following. We consider N parallel Kitaev chains, each of which
is prepared in the (free-fermion) topological phase. There ‘are N localized Majorana modes
Ai=12,...~ on the left edge and another N Majorana modes \;—; 2. n on the right edge. They
transform in the opposite way under the time-reversal

TAT ' =), TAN'=-)\

The reason that we use X instead of y is to emphasis that the Kitaev chains are not necessarily
at the g = 1 fixed point. Without loss of generality, we can focus on the left edge and abstract



the question as follows. The system has N Majorana fermions \; and a symmetry Zs X Zsy. One
is the fermion parity (—1)f and the other is the time-reversal T. The two symmetries, when
acting on the elementary fermions, commute with each other and obey 7% = 1. When acting
on the N Majorana \;’s, they are only required to satisfy the following more basic algebraic
relation

A =265, {(=DF N} =0, TNT =\ (4)

We want to know whether the system is anomalous. When it is so, there does not exist any
local perturbation that can trivialize the system.

2.1 N is even

In this case, the Majorana fermions form a Hilbert space of dimension 2/2. Therefore, we
can try to construct all the operators explicitly as certain matrices acting on the Hilbert space
that satisfy the desired algebraic relations listed in (4). The anomaly, which is synonymous to
having a projective representaion here, will manifest then.

N =2 [In this case, there is no quartic interaction and thus the two-fold degeneracy cannot be
lifted. Now, let us understand it from the perspective of projective representation. Given the
the algebraic relations to satisfy, we can represent the operators by the following 2 x 2 matrices

M=0" X=d (-1)f=0" T=0"K (5)
We can find that the time-reversal symmetry anti-commutes with the fermion parity
T(-1)" = -(-1)T (6)

There must be at least a two-fold degeneracy in order to support this anti-commutator. This
is the algebraic reason that why the two-fold degeneracy cannot be removed.

N =4 The matrix representation of the operators can be constructed by re-cycling what we
have had already. Let A\;, A, (—1)F and T denote the operators we have built for the N = 2
case. Then, the operators for the N = 4 case can be written as?

M= oL d=r®L A=(CDFor, A=(1F o

F S (A F 7
(1 = () & (<1F, T=Te (F(-1)) (7

It becomes clear that T still commutes with (—1)F but

~ ~

=T (T(—1)ﬁf(—1)F) =1 (8)

This implies that there must be at least a two-fold Kramer degeneracy, that cannot be removed
by any perturbation.

2This is nothing but the Jordan-Wigner transformation.



An equivalent way of extracting this 72 = —1 projective representation is to construct the
states in the Hilbert space and examine how 7" and (—1)¥ acts on them explicitly. For example,
we can define two complex fermions ¢y, ¢y by

AL+ i\ A3 + i\
Cl:%) CF% (9)

and use the Fock space to construct the Hilbert space. Let |00) denote the vacuum of ¢; and
c9, the Hilbert space is

00y, [11) =cbel, [01) = ¢l |00), [10) = b |00) (10)

We emphasis that the ordering of ¢!’s in the definition is important because the + signs are
exactly what we are interested in here. Because T'¢;T~! = cg, T can act within the two
subspaces {|00),[11)} and {|10),]01)}, e.g. T'|00) = € |11), T |01) = € |10), where ¢ and
are unimportant phase factors. One can check how T2 acts on either of these four states and
verify T? = —1.

In this case, there is indeed one T-invariant quartic interaction AjAsAzA4. Its effect is to
select one of the two-dimensional subspace as the ground states but cannot lift the degeneracy
between that two states.

Let us give one more remark before moving onto the next case. We can see that the
projective representation is given only by the time-reversal and has nothing to do with the
fermion parity. Therefore, this case is actually a bosonic SPT. It is the famous Haldane phase
(AKLT phase, cluster state). Reversely, it means that the two-fold edge degeneracy of four
copies of Kitaev chains can be regarded as a spin-1/2 degree of freedom.

N=6 Agaln let us construct the operators based on what we have had already. Let )\1, )\2,
(—=1)F and T denote the operators for the N = 2 case. Let X, 12340 (—1F F" and T" denote the
operators for the N = 4 case. Then, we have

M=MoL N\
M= (D@,
(—1)F = <—1>ﬁ ®

Nl A=(-DFeN,
(—DF @, A=(-DF X, (11)
D T=T& [T -1

—~

It is then clear that
(—1)FT = ((-1)%) ® ((—1)F’T’(—1)F’) — _T(-D)F
= (1) & (T'(-)"'T'(-)") = =1

Therefore there is at least a two-fold degeneracy that cannot be removed by any symmetry
allowed perturbation.

(12)



N =8 We construct the operators by taking the tensor product of two N = 4 cases. Let
Nic12,3.45 (—=1)"" and T’ denote the operators for the N = 4 case. Then, we have

)\1:)\/1®I[7 )\2:>\/2®]:[7 >\3:)\€3®/\117 )\4: ?4®)\/27
=D @N, =D eN, M=(=D"oN, A=) o) (13)

()=o), T=TT
The fermion parity and time-reversal return to the regular representation and this case becomes
completely trivial.

Readers might worry that whether there could be a more subtle anomaly that we have not
found but actually exists when N is a multiple 8. This is in principle possible but does not
happen here. The intuition for this is to recall the identification of N = 4 with the Haldane
phase, the later has a Zs classification. We can also explicitly write down a Hamiltonian that
has a unique ground state. The edge of N = 4 can be regarded as a spin-1/2. Thus, the edge
of N = 8, if it had two spin-1/2 degrees of freedom, can be easily gapped out by an anti-
ferromagnetic Heisenberg coupling. Since anomalies can always be captured by any description
of the system that is valid at low energies, this proves that anomaly cannot exist in this case.

2.2 N is odd

The case that NV is odd is a bit more subtle because we need an even number of fermions to
have a locally well-defined Hilbert space. So the anomaly is not (at least not only) associated
to having a projective representation but the unpaired Majorana fermions.
Using the Majorana fermion operators, we can write down an operator, which is simply the
product of all of them
AAg - AN (14)

that commutes with all the )\; and thus it can be chosen as a complex number. Note that
(AL Ay)? = (=1)NV=ON2 — (1) (V=172 there are two choices

Mo Ay = 44 (N=1)/2 (15)

Pick one and we obtain a Hilbert space of dimension 2(¥=1/2. The fermion parity \; — —\;

flips the sign of this c-number and does not act within each of them. Such a structure cannot be
lifted by any Hamiltonian because a Hamiltonian always involves an even number of fermions.

Physically, the above procedure is exactly related to the existence of unpaired Majorana
modes. It suffices to explain in the simplest case N = 1, where there is A and A on the two edges
respectively. We can combine them into a complex fermion ¢ = %(A%—M) and two ground states
correspond to the two Fock states |0) and |1) of ¢. Choosing A = £1 amounts to choosing the
ground state to be \%(]O} + |1)). Therefore, more generally, picking one choice in (15) means
that we want to work with a particular ground state of the whole system, and any Hamiltonian
cannot alter the choice means that the degeneracy of the ground state is robust.

Let us now explain the “not only” part of the statement at the beginning of this subsection.
After we make the choice in (15) and obtain the 2N ~Y/2.dimensional Hilbert space, let us



inquire how the symmetries act and how we can further distinguish the four case with an odd
N. We can define that a new time-reversal operator T as

T =Mz - AvK (16)
which obeys
by N=15 ds8 1 N=1,7 d8
TAT ' = et o o (17)
—-X; N=3,7 modS8 — N=3,5 modS8

Therefore, we can regard it as the ordinary 7" when N = 1,5 mod 8 or the product of T" and
(—=1)¥ when N = 3,7 mod 8, and it can have a projective representation.

Remark Let us close the whole discussion on the mod-8 anomaly by a small generalization
and a summary. So far we have only included the Majorana fermions A; that are even under
the time-reversal in our system. This is natural when we consider N parallel Kitaev chains.
However, Majorana fermions \; that are odd uner the time-reversal should also be allowed in a
more general setup. They can be used to gap out the A fermion as we have mentioned before.

Therefore, the mod-8 anomaly in the most general case can be summarized as follows. There
are two kinds of fermions \;,;s = 1,---rand \;,7 = 1,---s. They are in the linear representation
of our ZI x ZT symmetry. i.e.

(=D XY ={(-DF X\}=0, TANT '=X, TN '=-X\ (18)

There is a mod-8 anomaly depending on (r — s) mod 8. This result was first obtained by
mathematician Atiyah, Bott and Shapiro in 1964.

2.3 Remark on the case 7% = (—1)%

Our discussion can be generalized to the case that T2 = (—1)".> We will show that it has a mod-
2 anomaly. Namely, one-dimensional fermion systems that have the time reversal 7% = (—1)F
fall into a Z, classification.

This case is simpler than the previous one with 7?2 = 1 because the number of fermions
must be even. Let us consider N Majorana fermions and divide them into two groups \;, i =
1,---,N/2 and A\, = 1,---,N/2. They form a 2"/2-dimensional Hilbert space with the
fermion parity (—1)" = i™2x1X1 - Xn/2Xn/2. They can be represented by certain matrices in
a straightforward way using the Jordan-Wigner transformation. Our remaining task is to find
a representation for the time-reversal transformation that satisfies 7% = (—1)*. One can check
a few simple case N = 2 or 4 and find the following one

:X1+%1...XN/2+>?N/2

V2 V2

380 T* = 1 and T generates a group ZI. It also implies [T, (—1)
fermions.

T

K (19)

F] = 0 when acting on the fundamental



It flips the two groups A\ and \ as
TANT ' =X, TANT'=—)\

So-defined T  involves N/2 fermions operator and thus commute with (—1)* when N = 0 mod 4
but anti-commute with (—1) when N = 2 mod 4. Equivalently, we can find that

T? = N/ (=1)F (20)
If N =2 mod 4, we have T? = i(—1)%. If we absorb the factor of i into the definition of (—1)%",
we would get ((—1)F)?2 = —1. So, we can move the anomaly around, but there is no way to
avotd it.

Thus we have found an anomaly that depends on the value of N mod 4. There is no more
subtle anomaly, since there are symmetric perturbation that can remove all pairs of fermions
from the low energy spectrum. For example, when N = 2, we can choose AH = im(A; Aa+A12).
Recall that N is even, this is a mod-2 anomaly.

3 Adiabatic continuation

In this section, we explicitly construct a smooth path that connects eight decoupled Kitaev
chains that are in the trivial phase to eight decoupled chain that are in the (free-fermion)
topological phase. This further confirms the Zg classification.

It suffices to showing that some representative points in the two phases can be smoothly
connected. We will pick the most convenient ones, g = 1 and ¢ = —1. Our strategy is the
following;:

1. We consider 8 parallel Kitaev chains at the fixed point g = 1 of the trivial phase, i.e.,
Hy = 23:1 H® and H® only contains intra-cell couplings

HO =i Y3
J

So we do not need to work with a long chain but can focus on the finite-dimensional
subspace spanned by Xé‘;‘)_l, Xé‘;)7 a=12---,8.

2. Turn on appropriate quartic couplings W, which only involves products of Majorana
fermions with the same site index, i.e.

W o X§a1)X§a2)X§a3)X§a4)
When the interaction is tuned to be strong enough, we turn off the intra-cell coupling.

3. Then, turn on the inter-cell coupling ixgj) ng)_l, turn off the interaction. This leads to 8

parallel Kitaev chains at the fixed point g = —1 of the (free-fermion) topological phase,



The procedure can schematically shown as

w
\ (1]
DS
——& o>—e—
——& o>—e—
9

Note the the third step is symmetric with respect to the first two steps, we just need to
interchange the even and odd sites. Therefore, we only have to make sure that the interaction
can keep the system gapped in the first two steps.

3.1 Majorana fermions and representation of so(N)

The choice of interaction term is motivated by the identification of the N = 4 case with
the Haldane chain. In order to explain the details, we have to first review some relevant
mathematics.

In general, 2n Majorana fermions Ay, Ao, -+, A9, form a 2"-dimensional Hilbert space H.
Now, we show that # is a representation of the Lie algebera so(2n). Given a skew-symmetric
matrix A € so(2n), we define *

. 2n
i ]
7,k=1

where 7 is to make the operator Hermitian and to obtain a unitary representation. We can
check that

[p(iA), p(iB)] = ip(i[A, B]) (22)

so that p defines a map (representation) of Lie algebras. The induced action on A is

A= Ny = ilp(iA), \j] = A (23)
ik

Let us look at one example so(4) = so(3) @ so(3), which will be helpful for our construction
of the Hamiltonian. so(4) has six generators. Geometrically, they generate the rotation in the
three-dimensional subspace (z1, z9, x3) and the mixture between the three axis and the fourth
direction z,4. In the fundamental representation, we can write the six generators as®

()} = = (G967 — gm0 (24)

4Note that our convention is different from that in [1].
5Sometimes, physicists also add a factor of i here, but we will not do it here in order be consistent with the
convention in the general discussion above.



We can make superposition of them to get the direct sum of two so(3) as follows

1
Jiq :§(J23 + Ji4)

1 [Jiia Ji j] =€kt k
Jro==(J31 £ J = ’ ’ ’ 25
+,2 %( 31 24) [J:I:,iajﬂF,j] —0 (25)

Ji3 =§(J12 + J34)

Accordingly, we can use 4 Majorana fermions (basically the edge of the N = 4 case) to represent
the above generators by

) 7
P(Zji,l) = - Z—l(}\z)\:s + A Ag)

i (i), p(ix.5)] =ieijrp(ids )
P == qOMEAM =) plie0)) =0 )

, 1
p(’LJ:bg) = — Z__L()\l)\2 + /\3)\4)
The quadratic Casimir has a simple expression in terms of the four Majorana fermions
3

where A\ A2 A3y is exactly the only quartic interaction that we can write down for the four
Majorana fermions. Therefore, the Hilbert space can be decomposed into a direct sum of two
spin-1/2 representations, i.e. ) )

For example, the two states |¢)), which satisfy A\ AaAsAy [¢0) = [¢), are annihilated by J, and
form a spin-1/2 representation of J_ because J2 [¢) = 3 |¢). Similarly, the other two states

|p), satisfying AjAaAsAy |@) = —|¢), form a spin-1/2 representation of J,.

3.2 Construction of the smooth path

Now, we are ready to explain what interaction terms to choose. Let us divide the 16 Majorana
fermions into the following four groups

1 2 3 4 3 4
A :{ng)fp Xéjllv Xéj) 1) Xéj)fl}a B {XQ] ) X2])a Xéj)v X( )}

5 6 7 8
C :{ng)—p ng)—p ng) 1 Xéj)—1}7 D {XZj ) ng)7 X;j)a Xéj)}
Within each group, we first turn on the quartic coupling
7
= > N )
k=2j—1,2j

to get the two-fold degenerate ground states. And each two degenerate ground states form a
spin-1/2 representation of so(3),. Then, we turn on an anti-ferromagnetic coupling between
different groups

ZP ZJ+2 @J+z) + P(iJ+,i)BP(iJ+,i)D

10
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Figure 1: The spectrum of the 16 Majorana fermion in the adiabatic continuation. The ground

state is always separated from the excited by a nonzero gap.

This will further gap out the four spin-1/2’s and give a unique ground state that contains two
the singlet states. The full interaction term is

where the factor of 16 is not necessary but just to make the formula more uniform when it is
written in terms of x’s. The smooth path that can does the step 1 and 2 is

H(u) = (1 —u)Hy +uW, wuel0,1] (30)

As u goes from 0 to 1, the kinetic term is gradually turned off and the interaction term domi-
nates. We can numerically check that the spectrum remains gapped in the entire process and
the result is shown in Fig. 1.
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