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Abstract

This note discusses the canonical quantization of the Chern-Simons theory. We will

focus on the case where the spatial geometry is a disk. The discussion will be helpful in

understanding the entanglement entropy in Chern-Simons theory. [1–6]
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1 Introduction

In the zoo of quantum field theories (QFTs), a simple and interesting class is the topological
quantum field theories (TQFTs). In such kind of theories, all observables are invariant under
smooth deformation of the spacetime manifold, or equivalently, independent of the choice of
spacetime coordinate.1 For example, under a transformation x → x′ = f(x), the correlation
function of scalar operators must satisfy (we ignore the boundary)

〈φ(x1)φ(x2) · · ·〉 = 〈φ(x′1)φ(x′2) · · ·〉 (1.1)

It implies that φ ≡ c is just a c-number. More generally, one can show that there are no local
operators in the theory. Therefore, TQFTs only have a finite number of degrees of freedom
and hence a finite dimensional Hilbert space (if we ignore the boundary).

One important example is the three-dimensional Chern-Simons gauge theory, which is the
focus of this note. Let Y denote the space-time manifold and A the gauge field, the action
takes the following form

S[A] =
k

4π

∫
Y

Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
(1.2)

where k is the coupling constant and is called the level of the Chern-Simons theory. It was
first studied in details in [1,2] and then plays important roles in high energy, condensed matter
physics and mathematical physics. In this note, we will explain its canonical quantization.
The detail of the quantization procedure depends on the choice of spatial manifold. Here we
primarily work on a spatial unit disk, i.e., Y = D2×R. There are two main reasons for studying
this choice:

• It exhibits a clear connection to the (1+1)-dimensional conformal field theories. We will
see that the physical degrees of freedom are only on the edge, which are described by a
chiral Wess-Zumino-Witten model. The Hilbert space forms a representation of a chiral
Kac-Moody algebra, the unitarity of which imposes quantization condition on the level k.
The details of the dynamics (such as the energy) depends on the choice of the boundary
condition.

• It is relevant to defining the bipartite entanglement in Chern-Simons theory. The defini-
tion of entanglement requires a factorization of the Hilbert space as the prerequisite. For
the bipartite entanglement, we need

H = HA ⊗HB (1.3)

In the context of QFTs, A and B will be a spatial region and its complement. However,
the definition of HA and HB needs boundary conditions, which are not part of the data
in the original QFT. Therefore, the factorization (1.3) does not make sense (and hence,
does not exist).2

1The value of the correlation function is always independent of the choice of coordinate. Here, we require
the form, the way it depends on the coordinate, is also invariant.

2A more intrinsic statement on the fact that any QFT does not have a factorized Hilbert space is that the
local algebra of QFTs is a type III von Neumann factor. We thank Xi Yin for this comment.
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One solution of this issue is the cutting map method. The idea is to first add appropriate
boundary conditions at the entangling surface to define a Hilbert space for each region
and get a factorized Hilbert space HA⊗HB. Then one embeds the original Hilbert space
into this factorized one through an isometry

iε : H → HA ⊗HB (1.4)

to define various entanglement quantities therein. Thus, one has to understand how to
define Hilbert space of the QFT on spatial manifolds with boundary to actually implement
this method. The disk the simplest case.

The rest of the note is organized as follows. In Sec. 2, we introduce the non-Abelian Chern-
Simons action and its basic properties. In Sec. 3, we discuss the canonical quantization on a disk
in details. The appendix contains some useful details and other related topics. Appendix. B
review the canonical formalism of constrained systems and the quantization. The main text
focuses on the non-abelian Chern-Simons theory. Appendix. C reviews the Abelian version,
which is also quite useful and has simplified features.

2 Basic properties of the Chern-Simons theory

We consider the Chern-Simons gauge theory of a simply connected Lie group G. Most of
our statement holds more generally though. After introducing the action, we will examine its
symmetries and equations of motion.

Action Let A = AaµT
adxµ be the gauge field that takes the value in the Lie algebra. In this

convention, the generators of the Lie algebra T a are anti-Hermitian and satisfy

[T a, T b] = fabcT
c , TrT aT b = −δab (2.1)

The gauge field transforms in the following way

A 7→ Ag ≡ gAg−1 − dgg−1 , g ∈ SU(N) (2.2)

so that (Ag)h = Ahg. Note that g is unitary, thus dgg−1 is anti-Hermitian as well. The field
strength is defined as

F =
1

2
Fµνdxµ ∧ dxν = dA+ A ∧ A , Fµν = ∂µAν − ∂µAν + [Aµ, Aν ] (2.3)

The theory is defined by a classical action

S[A] =
k

4π

∫
Y

Tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
=
k

4π

∫
Y

dx3εµνρ Tr

(
Aµ∂νAρ +

2

3
AµAνAρ

) (2.4)

where Y is a space-time manifold and k is the coupling constant, called the level. We denote
the above Chern-Simons theory by Gk.
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Time reversal and parity The presence of εµνρ implies that the action changes sign under
the parity or time-reversal transformation. This is one of the reasons why the Chern-Simons
theory can describe the fractional quantum Hall systems. This is also consistent with the fact
that putting the system on a disk gives rise to chiral edge modes, which will be shown later.

Let us consider the time-reversal in more details. There is always ambiguity in the definition
of time reversal, here, we work with the following one3

T : A0(t) 7→ A′0(t) = −A0(−t) , Ai(t) 7→ A′i(t) = Ai(−t) (2.5)

Let us use the rule to compute how the the action transforms under the time-reversal

S ′[A′] =
k

4π

∫
dt′d2xεµνρ Tr

(
A′µ(t′, x)∂′νA

′
ρ(t
′, x) +

2

3
A′µ(t′, x)A′ν(t

′, x)A′ρ(t
′, x)

)
where the derivative is ∂′µ = (∂t′ , ∂x) = (−∂t, ∂x). The first term contains derivatives that
transform in the same way as the gauge field, and thus changes the sign, e.g.,∫

dt′d2xTrAi(t
′)∂t′Aj(t

′) =

∫
dtd2xTrA′i(−t)∂−tA′j(−t) = −

∫
dtd2xTrAi(t)∂tAj(t)

The second term does not involve derivative and always contains A0, thus must changes sign
as well, i.e.,∫

dt′d2xεµνρ Tr
(
A′µ(t′, x)A′ν(t

′, x)A′ρ(t
′, x)

)
= −

∫
dtd2xεµνρ Tr (Aµ(t, x)Aν(t, x)Aρ(t, x))

Therefore, the action changes its sign under the time-reversal transformation

T : S[A] 7→ S ′[A′] = −S[A] (2.6)

The demonstration of the parity symmetry breaking is similar.

Gauge transformation As a gauge theory, the action has to be invariant under the gauge
transformation. This turns out to be a subtle and interesting issue for the Chern-Simons theory.
Let us explicitly compute S[Ag]. The first term in the action gives

Tr
(
(gAg−1 − dgg−1) ∧ d(gAg−1 − dgg−1)

)
= Tr

(
(gAg−1 − dgg−1) ∧ (dgAg−1 + gdAg−1 − gAdg−1 + dgdg−1)

)
= Tr

(
AdA+ 2A2g−1dg − 2Ag−1dgg−1dg + d(g−1dgA) + g−1dgg−1dgg−1dg

)
The second term in the action gives

Tr
(
A3 − 3A2g−1dg + 3Ag−1dgg−1dg − g−1dgg−1dgg−1dg

)
3In our convention, the gauge field Aµ is anti-Hermitian (purely imaginary in the Abelian case), which

explains why the transformation looks opposite to the conventional one. For example, the time reversal in the
Maxwell theory is usually defined as T : E 7→ E,B 7→ −B or T : A0(t) 7→ A′0(t) = A0(−t), Ai(t) 7→ Ai(t) =
−Ai(−t), where Aµ is a real field.
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In total, we have

S[Ag]− S[A] =
k

4π

∫
∂Y

g−1dgA+
k

12π

∫
Y

Tr
(
g−1dgg−1dgg−1dg

)
(2.7)

The first term is a boundary term. The second term is the Wess-Zumino (WZ) term denoted
by Γ

S[Ag] = S[A] + kΓ[g] , Γ[g] =
1

12π

∫
Y

Tr
(
g−1dgg−1dgg−1dg

)
(2.8)

where we choose the normalization such that Γ[g] takes values in 2πZ. The WZ terms can have
non-trivial effect because the space of maps g : Y → G is not simply connected. For example,
suppose the space-time manifold is a three-sphere S3,4 the gauge transformations are maps

g : S3 → G,

which are classified by π3(G). For any simply connected Lie group G, we have π3(G) = Z so
that the gauge transformations fall into sectors labeled by a ”winding number”, which is exactly
captured by the WZ term. Under a transformation of winding number m, the Chern-Simons
action transforms as

S[Ag] = S[A] + 2πkm (2.9)

In the path-integral quantization, we requires eiS[Ag ] is invariant under the gauge transformation,
which gives a restriction k ∈ Z. In this note, we will perform the canonical quantization and
get the same conclusion. Since the WZ term only detects the topological effect, it does not
appear in the equation of motion (local dynamics).

Equations of motion The variation of the action

δS =
k

4π

∫
Y

Tr

(
δA ∧ dA+ A ∧ dδA+

2

3
(δA ∧ A ∧ A+ A ∧ δA ∧ A+ A ∧ A ∧ δA)

)
=
k

4π

∫
Y

Tr (2δA(dA+ A ∧ A) + d(A ∧ δA))

=
k

4π

∫
∂Y

Tr(δA ∧ A) +
k

2π

∫
Y

Tr(δA ∧ F )

(2.10)

From the first to the second line, we used the cylicity of the trace. From the second to the last
line, we used the cylicity of the trace and Stoke’s theorem. Thus, in the absence of a boundary,
the equations of motion is

F = 0 (2.11)

Namely, there is no local physical degrees of freedom. We will see below that the presence of a
boundary will make the dynamics more interesting.

4If Y is non-compact, such as R3, the gauge transformation is required to approach the identity at the spatial
and temporal infinity, i.e., limx→ U(x) = I. This is equivalent to considering an S3.
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3 Canonical quantization on a disk

In this section, we explain how to quantize the Chern-Simons theory on a disk. First, we
discuss how to properly describe the classical theory in the canonical formalism, i.e., construct
the phase space and Poisson structure. Then, quantization is simply replacing the Poisson (or
Dirac) bracket with the quantum commutator, which, as we will see, is the Kac-Moody algebra.
Because the Hilbert space has to be a unitary representation, this will impose constraints on
the coupling constant and the allowed states.

3.1 Effective action for the boundary

As we have seen above, the Chern-Simons theory on a closed spatial manifold does not have
local physical degrees of freedom. The presence of a boundary gives rise new dynamical degrees
of freedom that are chiral and only live on the boundary. In this subsection, we explain how
the boundary affects the dynamics and derive the action for the boundary modes.

First of all, we need to determine the boundary condition. A general criterion is to choose
the boundary conditions such that there are no boundary contribution to the equations of
motion, i.e.,

k

4π

∫
∂Y

Tr(δA ∧ A) = 0 (3.1)

Because we consider the manifold Y = D2 × R with R being the time direction, a convenient
choice is5

A0

∣∣
∂Y

= 0 (3.4)

Therefore, a classical Chern-Simons theory on Y = D2 ×R should be defined as follows

S[A] =
k

4π

∫
Tr

[
AdA+

2

3
A3

]
, A0

∣∣
∂Y

= 0 (3.5)

The boundary condition also disallows some gauge transformations. Now, the legitimate gauge
transformations are ones that are independent of time on the boundary and thus do not change
the boundary conditions. However, only a subgroup of this group should be viewed as a gauge
symmetry. This is the set of transformations that are one on the boundary, i.e.,

g
∣∣∣
∂Y

= 1 (3.6)

5In order to for the gauge field to have a non-zero boundary value, one needs to add a boundary term. For
example, by adding

k

4π

∫
∂Y

TrAtAσ (3.2)

to the action, the boundary term in the variation of the action becomes

k

4π

∫
Tr(δAtAσ − δAσAt) + Tr(δAtAσ +AtδAσ) =

k

2π

∫
Tr δAtAσ (3.3)

Thus, it is legitimate to have (fixed) nonzero values of At at the boundary while maintaining a well-defined
variational problem. This trick is useful when one wants to use the path integral to obtain the wavefunction.
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Time independent transformation on the boundary should be viewed as a global symmetry,
because they does not approach identity in the temporal infinity. These are

g
∣∣∣
∂Y

= g(σ) (3.7)

where σ ∈ [0, 2π] parametrizes the boundary circle. These transformations form a loop group,
the elements of which are loops in a Lie group. The spectrum should be in the representation
of these symmetries rather than being invariant under them.

In order to find its Hamiltonian formalism, it is more convenient to isolate the time direction
and identify the dynamical variables. We decompose the field A and derivatives d into spatial
and temporal components and write the action as

S[A] = − k

4π

∫
Tr Ã∂tÃ+

k

2π

∫
Tr
[
A0(d̃Ã+ Ã2)

]
(3.8)

where Ã, d̃ denote the spatial components. Note that A0 does not have dynamics and imple-
ments the Gauss law constraints on the spatial components

F̃ = d̃Ã+ Ã2 = 0 (3.9)

Thus, we can remove A0 by choosing the temporal gauge A0 = 0, which is the most convenient
choice that is compatible with the boundary condition, and impose the Gauss law. The Gauss
law constraint can be satisfied automatically if we introduce a new variable U : D2 × R → G
and define

Ã = −d̃UU−1 (3.10)

Notice that this reparametrization has a gauge redundancy, namely, U 7→ UV (t) leaves Ã
invariant. Now we substitute Ã = −d̃UU−1 into the gauge-fixed action and have

S =− k

4π

∫
εij TrAi∂tAj (i, j are spatial indices)

=− k

4π

∫
εij Tr

[
∂iU U

−1∂t(∂jUU
−1)
]

=− k

4π

∫
εij Tr

[
∂iU U

−1(∂t∂jU)U−1
]
− k

4π

∫
εij Tr

[
∂iU U

−1∂jU∂tU
−1
]

=− k

4π

∫
εij Tr

[
∂iU

−1(∂t∂jU)U−1
]

+
k

4π

∫
εij Tr

[
U−1∂tUU

−1∂iUU
−1∂jU

]
where the second term is proportional to the WZ term. Note that

εij∂j Tr
[
∂iU

−1∂tU
]

=εij Tr
[
∂iU

−1∂t∂jU
]

=− εij Tr
[
U−1∂iUU

−1(∂t∂jU)
]

which is exactly the first term above. Thus, we have

S[U ] =
k

4π

∫
∂Y

Tr ∂σU
−1∂tU +

k

12π

∫
Y

Tr(U−1dU)3 (3.11)
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where σ is the coordinate for the boundary S1. This is the chiral version of the Wess-Zumino-
Witten model and the coefficients of the two terms happen to be right at the critical point.6

Remark The effective action for the boundary does not have Lorentz invariance. This is
related to the boundary condition that we choose. A more general boundary condition is the
following

A0 − vAσ
∣∣∣
∂Y

= 0 (3.13)

where v is an arbitrary constant. Then, one has to use a different gauge fixing that is compatible
with this boundary condition. It can be shown effective action for the boundary becomes

S[U ] =
k

4π

∫
∂Y

Tr ∂σU
−1(∂tU − v2∂σU) + kΓ[U ] (3.14)

When v = 1, this yields a Lorentz invariant theory.

Let us derive the equation of motion. The variation of the WZ term is a surface term. The
variation of the chiral kinetic term is

δS0 =
k

4π

∫
∂Y

Tr
(
∂σδU

−1∂tU + ∂σU
−1∂tδU

)
=
k

4π

∫
∂Y

Tr
(
−δU−1∂σ∂tU − (∂σ∂tU

−1)δU
)

(integration by part)

=
k

4π

∫
∂Y

Tr
(
U−1δU

(
2U−1∂σ∂tU − U−1∂tUU

−1∂σU − U−1∂σUU
−1∂σU

))
Combined together, we have

δS[U ] =
k

2π

∫
∂Y

Tr
(
U−1δU

(
U−1∂σ∂tU − U−1∂σUU

−1∂tU
))

=
k

2π

∫
∂Y

TrU−1δU∂σ
(
U−1∂tU

) (3.15)

If the coefficients of the kinetic term and the WZ term are random numbers, the variation of
the action will be more complicated. Thus, the equation of motion is

∂σ(U−1∂tU) = 0 (3.16)

6The standard WZW model is a principal chiral field action (written with the holomorphic and anti-
holomorphic derivatives) plus a WZ term

SWZW [g] =
1

λ2

∫
Tr[∂zg

−1∂zg] + kΓ[g] , k ∈ Z (3.12)

It is a conformal field theory only when the coefficients satisfies λ2 = 4π/k.
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3.2 Poisson (Dirac) bracket

After identifying the dynamical variables as the chiral boundary modes U(σ), we discuss how
to construct the phase space and find the Poisson bracket. The chiral WZW action is first order
in time derivative. The canonical formalism of such kind of system is complicated due to the
fact that the canonical momenta is not independent of the canonical coordinates. Therefore,
one has to define the phase space and the bracket that incorporate such constraints properly.
A systematic way is due to Dirac and is reviewed in Appendix. B. However, the chiral WZW
action is somewhat special and allows for shortcut. [7]

Before discussing the chiral WZW action, let us begin with a more general theory with
dynamical variables φi and an arbitrary action that is first order in time derivative

I =

∫ (
Ai(φ)

dφi

dt
−H(φ)

)
dt (3.17)

where i can be regarded as a collection of indices and even can be continuous (say, spatial
coordinate in a field theory), H(φ) denotes terms independent of time derivatives. Such terms
are important in the equations of motion but do not play any role in determining the canonical
formalism and computing the brackets. We can use the least action principle to find the
equations of motion as (

∂Ai
∂φj
− ∂Aj
∂φi

)
dφi

dt
=
∂H

∂φj
(3.18)

Now, we want to find the canonical formalism that correctly reproduces the dynamics. It can
be done in two different but equivalent ways:

• Dirac’s approach. We regard φi as the canonical coordinate, whose conjugate momentum
is defined as

πi =
∂L

∂φ̇i
= Ai(φ) (3.19)

Thus, it gives a primary constraint

χi = πi − Ai(φ) = 0 (3.20)

We can define the Poisson bracket as usual on this phase space (φ, π)

{φi, πj}P := δij (3.21)

The Hamiltonian is just H(φ) that is independent of the canonical momentum. Let us
assume that the above primary constraints are of the second class, i.e.,

Fij = {χi, χj}P =
∂χi
∂φk

∂χj
∂πk
− ∂χi
∂πk

∂χj
∂φk

=
∂Ai
∂φj
− ∂Aj
∂φi

(3.22)

is non-degenerate, also guarantees that there will be no more constraints being generated.7

We can follow the general recipe to define the Dirac bracket. The Dirac bracket between
the canonical coordinates is no longer zero. For any two functions of φ, we have

{X, Y }D = −{X,χi}P (F−1)ij{χj, Y } = F−1
ij

∂X

∂φi
∂Y

∂φj
(3.23)

7Namely, the equation [χi, H] + uj [χi, χj ] = 0 cannot be reduced to an equation that is independent of u.
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• Witten’s approach. Since the physical quantities are eventually functions of φ’s only, it
seems to be redundant to introduce the canonical momentum. Here, we let the phase
space contain only φ and find a Poisson bracket on it. Namely, we want to find a non-
degenerate 2-form w = 1

2
wijdφ

i ∧ dφj so that the Poisson bracket between two functions
X, Y on the phase space is

{X, Y }P := wij
∂X

∂φi
∂Y

∂φj
(3.24)

Moreover, we require the Poisson bracket gives the correct equations of motion, i.e.,

dX

dt
= {X,H(φ)}P (3.25)

The variation of the action is

δI =

∫ (
∂Ai
∂φj
− ∂Aj
∂φi

)
δφj

dφi

dt
− ∂H

∂φj
δφj

=

∫
Fijδφ

j dφ
i

dt
− ∂H

∂φj
δφj

(3.26)

Notice that Fij, as the coefficient of δφi dφ
j

dt
, is always anti-symmetric and can naturally

induce a symplectic structure. We can define the Poisson bracket of any two functions on
the phase space to be

{X, Y }P = F−1
ij

∂X

∂φi
∂Y

∂φj
(3.27)

This choice can gives the correct equations of motion and is the same as the result (3.23)
obtained in the first approach, as it has to be.

Let us make a few comments on the two approaches:

• Although the two equations (3.23) and (3.27) take the same form, they are defined on
different phase spaces. The former includes the momentum and is twice as large as the
latter one.

• The first approach is more systematic and can be applied to any systems. Generalizing
the second approach amounts to writing the action in a first-order form on the phase
space.8 In the most general situations (with constraints), writing the action in the phase
space is as hard as the first approach. However, when the action is already in the first
order time derivative, this approach is much more convenient than the first one.

• In the first approach, one has to choose an explicit set of coordinates φi in order to
compute the conjugate momenta. In the second approach, it is enough to have a basis of
tangent vectors to the phase space and the matrix Fij may be constructed relative to any
such basis. This is particularly convenient when the configuration is nonlinear.

8In the most standard case, we have

δS = δ

∫
(πq q̇ −H(π, q))dt (3.28)

Its variation yields the standard Poisson bracket.
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The chiral WZW model is a non-linear sigma model. It is awkward to explicitly work with
any coordinate system. Thus, we will use the second approach to find the canonical formalism.9

As we have commented above, we only need to find a basis of tangent vectors. Here, a very
convenient basis of tangent vectors are the matrices U−1δU (in contrast, δU would be an
inconvenient choice). The matrix F then must act both on the Lie algebra index of U−1δU and
the spatial coordinate σ. Recall the variation of the action

δS =
k

2π

∫
∂Y

TrU−1δU∂σ
(
U−1∂tU

)
(3.29)

Thus, we see that

F = I⊗ n

2π
∂σ, (3.30)

where I acts on the Lie algebra index and ∂σ acts on the spatial coordinate, whose inverse is
θ(σ) + const (θ(σ) is the step function).

We now apply the definition of the Poisson bracket to

X(σ) = TrA
dU

dσ
U−1 , Y (σ′) = TrB

dU

dσ′
U−1

where A and B are just auxiliary matrices that contract with the Lie algebra elements. The
way to compute their Poisson bracket is to calculate δXδY = ∂X

∂φi
∂Y
∂φj
δφiδφj and then replace

δφiδφj by F−1
ij . First, we calculate

δX = TrA

(
d

dσ
δU

)
U−1 + TrA

dU

dσ
δU−1

= TrA

(
d

dσ
δU

)
U−1 − TrA

dU

dσ
U−1δUU−1

= TrU−1AU
d

dσ

(
U−1δU

)
so we have

δX(σ)δY (σ′) = TrU−1AU
d

dσ

(
U−1δU

)
× TrU−1BU

d

dσ′
(
U−1δU

)
By substituting δφiδφj with F ij, we have

{X(σ), Y (σ′)}P =− 2π

k
δ′(σ − σ′) TrU−1(σ)AU(σ)U−1(σ′)BU(σ′)

=− 2π

k
δ(σ − σ′) Tr

(
[A,B]

dU

dσ
U−1

)
− 2π

k
δ′(σ − σ′) Tr(AB)

(3.31)

A particular useful field is the current field

Ja =
k

2π
TrT a

dU

dσ
U−1 (3.32)

9If we consider Abelian Chern-Simons theories, the boundary modes are described by chiral compact boson.
Then it is not hard to compute the Poisson (Dirac) bracket in the first approach. We leave this discussion to
Appendix. C.
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where the factor of k
2π

is added to be consistent with the standard normalization. One can
check that Ja is a real field, i.e.,

(Ja(σ))∗ = − k

2π
TrU

dU−1

dσ
T a =

k

2π
Tr
dU

dσ
U−1T a = Ja(σ) (3.33)

By using [T a, T b] = fabcT c and Tr[T aT b] = −δab, we find

{Ja(σ), J b(σ′)}P =− k

2π
δ(σ − σ′) Tr

(
[T a, T b]

dU

dσ
U−1

)
− k

2π
δ′(σ − σ′) Tr(T aT b)

=δ(σ − σ′)fabcJ c(σ) +
k

2π
δ′(σ − σ′)δab

(3.34)

Equivalently, we can write it in the momentum space. Introducing the Fourier modes,

Jan =

∫
dσeinσJa(σ) , (Jan)∗ = Ja−n (3.35)

we can write the Poisson bracket in a nicer form

{Jan, J bm}P = fabcJ cn+m − iknδabδn+m,0 (3.36)

If we trace back to how we reduce the gauge field A to the boundary degrees of freedom, we
can find that variable Ja is related to the boundary value of Aσ as (recall Aσ = AaσT

a)

Ja(σ) =
k

2π
Aaσ(σ)

∣∣∣
∂Y

(3.37)

And the Fourier zero mode is the holonomy of A

Ja0 =
k

2π

∫
dσAaσ

∣∣∣
∂Y

(3.38)

3.3 Quantization, Kac-Moody algebra and its Representation

The canonical quantization is readily done. We only have to promote the Poisson bracket (3.36)
into a quantum commutator in the standard way, i.e.,

[Jan, J
b
m] = ifabcJ cn+m + knδabδn+m,0 (3.39)

where Jan are now operators acting on a Hilbert space. Eq. (3.39) is known as the Kac-Moody
algebra, which a prototype example of infinite dimensional Lie algebra. The Hilbert space
should form a unitary representation of it. The unitarity is implemented as the Hermiticity of
the generators

Ja†(σ) = Ja(σ)⇔ Ja†n = Ja−n (3.40)

and having a positive-definite norm. In the following, we will show that the unitarity of the
representation (1) requires k to be an integer (2) restricts the allowed representations. For
simplicity, we consider the simplest example G = SU(2). The arguments below are readily

12



generalized to other simply connected Lie groups by examining the SU(2) subgroup (and the
corresponding subalgebra).

The irreducible representations of the Kac-Moody algebra are the highest weight represen-
tations. Namely, there are so-called highest weight states |λ〉 that transform as an irreducible
representation of the ordinary Lie algebra of zero modes Ja0 , and are annihilated by the positive
modes

Jan |λ〉 = 0 , ∀n > 0 (3.41)

New states can be generated by applying the negative modes Ja−n to the highest weight states.
Thus, the highest weight states |λ〉 are also called the primaries (of the Kac-Moody algebra)
and states likes Ja−n |λ〉 are called the descendants.

Just like how we analyze an ordinary Lie algebra, it is convenient to use the Cartan basis.
In a Cartan basis, the Ja(z) are written as H i and E±α, where i = 1, · · · , rG labels elements in
the Cartan subalgebra and the positive roots α labels the raising and lowering operators. The
highest weight states satisfy

H i
0 |λ〉 = λi |λ〉 , Eα

0 |λ〉 = 0 , α > 0

H i
n |λ〉 = Eα

n |λ〉 = 0 , n > 0
(3.42)

In our concrete example G = SU(2),10 the the following linear combination

I± =
1√
2

(J1
0 ± iJ2

0 ) , I3 =
1√
2
J3

0 (3.43)

gives a conventionally normalized su(2) algebra [I+, I−] = 2I3, [I3, I±] = ±I±, where 2I3 has
integer eigenvalues in any finite dimensional representation. From the Kac-Moody algebra, we
also find that

Ĩ+ =
1√
2

(J1
+1 − iJ2

+1) , Ĩ− =
1√
2

(J1
−1 + iJ2

−1) , Ĩ3 =
k

2
− 1√

2
J3

0 (3.44)

also satisfy the standard su(2) algebra [Ĩ+, Ĩ−] = 2Ĩ3, [Ĩ3, Ĩ±] = ±Ĩ± where 2Ĩ3 has integer
eigenvalues. Thus k has to be an integer for unitary highest weight representation.11

For a given level k, unitarity also puts constraints on what irreducible representation of the
corresponding ordinary Lie algebra can appear. For example, we take SU(2)k and suppose the
there exists a highest weight representation in the spin-j representation of SU(2). The 2j + 1

10Notice the normalization Tr[T aT b] = −δab, we have T a = − i√
2
σa (σa are the Pauli matrices) and fabc =

√
2εabc.
11This argument can be generalized to other Lie algebra by using the canonical su(2) subalgebra

I± = E±ψ0 I3 = ψ ·H0/ψ
2 (3.45)

generated by the highest root ψ. The Kac-Moody algebra implies the following choice also form an su(2)
subalgebra.

Ĩ± = E∓ψ±1 Ĩ3 =
k

2
− ψ ·H0/ψ

2 (3.46)

Thus, the level has to be quantized in a unitary representation.
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states will be labeled by their I3 eigenvalues, where I3 is defined above. Using the other su(2)
generators, we can derive the most stringent condition by considering |j, j〉

0 6 〈j, j|Ĩ+Ĩ−|j, j〉 = 〈j, j|[Ĩ+, Ĩ−]|j, j〉 = 〈j, j|k − 2I3|j, j〉 = k − 2j (3.47)

Therefore, unitarity only allows highest weight representation with12

2j 6 k (3.49)

For example, in the case of SU(2)1, there are only two highest weight representation with spin-0
and spin-1

2
.
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A More on the Wess-Zumino term

In this section, we discuss some technical details of the Wess-Zumino term.

Abstract form First, let us write the WZ term in an abstract form. On the group manifold
of any simple, non-abelian group G, there is a G × G invariant third rank tensor field w that
is closed

dw = 0 (A.1)

and locally but not globally exact
w = dλ (A.2)

where λ is some second rank tensor field. We choose the normalization such that the integral
of w over any three sphere in G is an integral multiple of 2π. Let Y be a three-dimensional
manifold13 whose boundary ∂Y is identified with space-time. Given a mapping

g : ∂Y → G

we can extend it to a mapping (also denoted by g) from Y to G. (The existence of this extension
requires the map g : ∂Y → G is homotopic to a trivial map) The WZ term is defined as

Γ =

∫
Y

g∗(w) (A.3)

12The above argument is also generalizable to other groups where one find

2ψ · λ/ψ2 6 k (3.48)

13In the standard definition, we choose a three-ball.
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Here g∗ is the pull-back of differential forms. Noting that w = dλ, we have

Γ =

∫
Y

g∗(dλ) =

∫
∂Y

g∗(λ) (A.4)

The last formula exhibits Γ as the integral of an ordinary two-dimensional Lagrangian. In more
concrete terms, let φi be a set of coordinates for the group manifold G and λij be the components
of the tensor λ. Then, the mapping g : ∂Y → G can be described by means of functions φi(x),
where x is the coordinate on ∂Y and φi(x) gives the coordinate of the corresponding group
element. The WZ term can be written as

Γ =

∫
∂Y

g∗
(
λijdφ

i ∧ dφj
)

=

∫
d2xεµνλij(φ(x))∂µφ

i(x)∂νφ
j(x) (A.5)

This equation has Dirac string type singularities, because the defining equation of λ, w = dλ,
can be solved only locally.

Explicit form for SU(2) Now, let us construct explicit formulas for the simplest non-abelian
group SU(2). There are two commonly used parametrizations and we will discuss both of them.

Polar angle parametrization. The SU(2) manifold is a three sphere, which can be
described by

x2
0 + x2

1 + x2
2 + x2

3 = 1 (A.6)

or polar angles ψ ∈ [0, π], θ ∈ [0, π] and φ ∈ [0, 2π]. The two set of coordinates are related by

x0 = cosψ , x3 = sinψ cos θ , x1 = sinψ sin θ cosφ , x2 = sinψ sin θ sinφ (A.7)

The upper hemisphere ψ ∈ [0, π
2
] is a three-ball, which can be viewed as a foliation of two-

spheres. The radius of the two-spheres are given by sinψ. A generic element in SU(2) is
written as

g = x0 + i
3∑

k=1

xkσ
k =

(
x0 + ix3 ix1 + x2

ix1 − x2 x0 − ix3

)
(A.8)

The line element is

ds2 = −1

2
Tr
(
g−1dgg−1dg

)
= dψ2 + sin2 ψ

(
dθ2 + sin2 θdφ2

)
(A.9)

which yields the volume form (the only third rank tensor in this case)

w =
1

π
sin2 ψ sin θ dψ ∧ dθ ∧ dφ (A.10)

The normalization is chosen such that the integral of w over the whole manifold is 2π. The
equation w = dλ can be solved in many ways, for instance,

λ =
1

4π
(2ψ − sin 2ψ) sin θdθ ∧ dφ (A.11)

or

λ =
1

π
φ sin2 ψ sin θ dψ ∧ dθ (A.12)
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The WZ term is

Γ =
1

π

∫
d2xφ(x) sin2 ψ(x) sin θ(x)εµν∂µψ∂νθ (A.13)

Note that g is periodic in φ while the above expression of Γ is not! When φ changes by 2π, Γ
changes by [i want to show the ambiguity is an integral multiple of 2π]

∆Γ =2

∫
d2x sin2 ψ(x) sin θ(x)εµν∂µψ∂νθ

=− 2

∫
d2x εµν∂µ

(
ψ

2
− sin 2ψ

4

)
∂ν(cos θ)

(A.14)

Euler angle parametrization. A different parametrization is to use the three Euler
angles,

g = eiφ
σ3

2 eiθ
σ1

2 eiψ
σ3

2 , φ ∈ [0, 2π], θ ∈ [0, π], ψ ∈ [−2π, 2π] (A.15)

The line element is

ds2 =
1

4

(
dφ2 + dθ2 + dψ2 + 2 cos θdφdψ

)
(A.16)

which yields the following third rank tensor (normalized such that
∫
SU(2)

w = 2π)

w =
1

8π
sin θdφ ∧ dθ ∧ dψ (A.17)

The solution to λ can be chosen as

λ =
1

8π
ψ sin θdφ ∧ dθ (A.18)

And the WZ term reads

Γ =
1

8π

∫
d2xψ(x) sin θ(x)εµν∂µφ∂νθ (A.19)

The ψ has a 4π ambiguity, which makes the WZ term also ambiguous

∆Γ =
1

2

∫
d2x sin θ(x)∂µφ∂νθ (A.20)

The integral is exactly how many times the two-dimensional manifold ∂Y covers the unit two-
sphere with an area 4π, thus, ∆Γ ∈ 2πZ.

The Euler angle parametrization has another advantage compared with the polar angle. It
has the following identities (which can be checked by using Mathematica)

−iTr
(
σ3g−1dg

)
=dψ + cos θdφ

−iTr
(
σ±g−1dg

)
=e±iψ(dθ ∓ i sin θdφ)

(A.21)

where σ± = σ1 ± iσ2. These expressions will be much more complicated in the polar angle
parameterization. If we write

−ig−1dg =
1

2

3∑
k=1

Vkσ
k =

1

2

(
V1 − iV2

2
σ+ +

V1 + iV2

2
σ− + V3σ

3

)
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we have
V1 ± iV2 = e±iψ(dθ ∓ i sin θdφ), V3 = dψ + cos θdφ (A.22)

As a sanity check, one can compute

ds2 = −1

2
Tr
(
g−1dgg−1dg

)
=

1

4
((V1 − iV2)(V1 + iV2) + V3V3)

and find that it is the same as the line element we wrote above.

Variation

δΓ =
3

12π

∫
Y

Tr
(
(δU−1dU + U−1dδU) ∧ U−1dU ∧ U−1dU

)
=

1

4π

∫
Y

Tr
(
(−U−1δUU−1dU + U−1dδU) ∧ U−1dU ∧ U−1dU

)
=

1

4π

∫
Y

dTr
(
(U−1δU)(U−1dU) ∧ U−1dU

)
(cyclicity, d2 = 0)

=
1

4π

∫
∂Y

Tr
(
(U−1δU)(U−1dU) ∧ U−1dU

)
(Stokes theorem)

=− 1

4π

∫
∂Y

Tr
(
(U−1δU) d(U−1dU)

)
(d2 = 0)

=− 1

4π

∫
∂Y

εµν Tr
(
(U−1δU) ∂µ(U−1∂νU)

)

(A.23)

B Canonical quantization of constrained systems

B.1 Generalities of classical constrained systems

Our starting point is the action principle. We assume that there is an action integral which
depends on the motion, such that, when one varies the motion and puts down the conditions for
the action integral to be stationary, one gets the equations of motion. The method of starting
from an action has the advantage that it makes the theory conform to the principle of relativity
rather easily. The action integral will be denoted by

I =

∫
Ldt (B.1)

One might wonder whether one could not take the Hamiltonian as the starting point and short-
circuit this work of passing from the action integral to the Hamiltonian. The objection to trying
to make this short-circuit is that it is not at all easy to formulate conditions for a theory to
be relativistic in terms of the Hamiltonian. When we have the Hamiltonian, we can apply a
standard method which gives us a first approximation to a quantum theory.

For simplicity, we start with a dynamical theory involving only a finite number of degrees of
freedom. It is then merely a formal matter to pass from this to the infinite number of degrees
of freedom which we need for a field theory.
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Let qn, n = 1, · · · , N , be the dynamical coordinates. Their velocities are q̇n = dqn/dt.
The Lagrangian is a function L = L(q, q̇) of the coordinates and the velocities. The classical
equations of motion are

d

dt

(
∂L

∂q̇n

)
− ∂L

∂qn
= 0 (B.2)

More explicitly, we have

q̈m
∂2L

∂q̇m∂q̇n
=
∂L

∂qn
− q̇m

∂2L

∂qm∂q̇n
(B.3)

At a given instant of time, the state of the system is determined by the coordinates and
velocities (q, q̇). However, we see from Eq. (B.3) that the accelerations q̈ is uniquely determined
if and only if the matrix ∂2L

∂q̇m∂q̇n
can be inverted, namely, if the determinant det( ∂2L

∂q̇m∂q̇n
) does

not vanish. If, on the other hand, the determinant is zero, the acceleration is not uniquely
determined and the solution of the equations of motion could them contain arbitrary functions
of time that does not change the physical state.

The departing point for the Hamiltonian formalism is to define the canonical momenta

pn :=
∂L

∂q̇n
(B.4)

Here, we allow for the possibility of these momenta not being independent functions of the
velocities. There may be several (independent) constraints

φm(q, p) = 0 , m = 1, · · · ,M (B.5)

They are called the primary constraints, a name due to Bergmann. The next step is to introduce
the canonical Hamiltonian H. We start with the quantity q̇npn−L and make variations in the
variables q and q̇

δ(q̇npn − L) =δq̇npn + q̇nδpn − δq̇n
∂L

∂q̇n
− δqn

∂L

∂qn

=q̇nδpn − δqn
∂L

∂qn

(B.6)

We see that it does not involve δq̇ explicitly but only through the combination p(q, q̇). It means
that q̇npn −L can be expressed in terms of the q’s and p’s independent of the velocities, which
is called the Hamiltonian H

H := q̇npn − L (B.7)

However, the Hamiltonian is not uniquely determined as a function of the q’s and p’s. Because
δp are not all independent but are restricted to preserve the primary constraints φm ≈ 0. We
may add to H any linear combination of φm’s, which are zero in the above variation. Thus, we
could go over to another Hamiltonian

H∗ = H + cm(q, p)φm(q, p) (B.8)

One can rewrite (B.6) as(
∂H

∂qn
+
∂L

∂qn

)
δqn +

(
∂H

∂pn
− q̇n

)
δpn = 0
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where the variation δpn and δqn are subjected to the primary constraints, namely they are
tangent to the constraint surfaces. Then one follow the general method of calculus and show
that

∂H

∂qn
+
∂L

∂qn
= −um

∂φm
∂qn

,
∂H

∂pn
− q̇n = −um

∂φm
∂pn

where um is some unknown coefficient that can depend on p, q and the minus sign is added for
convenience. In summary, the equivalent Hamiltonian form of the original Euler-Lagrangian
equations is

q̇n =
∂H

∂pn
+ um

∂φm
∂pn

ṗn =− ∂H

∂qn
− um

∂φm
∂qn

φm(q, p) =0

(B.9)

where we have used the definition of canonical momenta.
It is convenient to introduce a certain formalism which enables one to write these equations

in a more concise form, namely, the Poisson bracket formalism. The equations of motion can
be written as

Ḟ = [F,H] + um[F, φm] (B.10)

Let us now examine some of the consequences of the equations of motion. A basic consistency
requirement is that the primary constrains should be preserved in time

φ̇m = [φm, H] + um′ [φm, φm′ ] ≡ 0 , m = 1, · · · ,M (B.11)

It is possible for these consistency conditions to lead directly to an inconsistency (such as
1 = 0). If that happens, it would mean that our original Lagrangian has self-inconsistency.14

After excluding this, (B.11) can be divided into three kinds:

• One kind reduces to 0 = 0, i.e., it is identically satisfied with the help of the primary
constraints.

• It reduces to an equation independent of the u’s, thus involving only the q and p. Such an
equation must be independent of the primary constraints, which is called the secondary
constraint

χ(p, q) = 0 (B.12)

Once a secondary constraint is found, we get yet another consistency condition. And we
have to repeat the self-consistency check to exhaust all the possible constraints.

• It may impose a condition on the u’s.

[φj, H] + um[φj, φm] = 0 (B.13)

where m = 1, · · · ,M enumerates all the primary constraints and j takes on any of the
primary or secondary constraints.

14One example is L = q, whose Euler-Lagrangian equation is 1 = 0. Thus, we cannot take the Lagrangian to
be completely arbitrary.
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Let us look at these equations from the following point of view. Let us suppose that
the u’s are unknowns and what we have here are a number of non-homogeneous linear
equations in these unknowns u, with coefficients which are functions of the q’s and the
p’s. The solution is unique up to adding any solutions of the associated homogeneous
equation

Vm[φj, φm] = 0 (B.14)

We denote all the linearly independent solutions to (B.14) by Vam(q, p), a = 1, · · · , A.
The most general solution to (B.13) can be written as

um = Um + vaVam (B.15)

We introduce the total Hamiltonian

HT = H ′ + vaφa H ′ = H + Umφm , φa = Vamφm (B.16)

The equation of motion of any dynamical variable read simply

Ḟ ≈ [F,HT ] (B.17)

As a result of this analysis, we have satisfied all the consistency requirements of the theory
and we still have arbitrary coefficients v, which implies that the general solution of the equation
of motion contains arbitrary functions even if the initial conditions are completely fixed. The
number of the arbitrary functions is equal to the number of primary constraints. This provides
a difference of the generalized Hamiltonian formalism from what one is familiar with in ele-
mentary dynamics. These arbitrary functions in time implies that we are using a mathematical
framework containing arbitrary features, for example, a coordinate system which we can choose
in some arbitrary way, or the gauge in the electrodynamics.

Let us introduce some terminology which will enable one to appreciate the relationships
between the quantities occur in the formalism. Any dynamical variable, R, a function of q’s
and p’s is called first-class if it has zero Poisson brackets with all the φ’s

[R, φj] ≈ 0 (B.18)

Otherwise, R is second-class.
An important feature of the first-class property is that the Poisson bracket of two first-class

functions is still first-class. We prove it below. Suppose F and G are first-class, we have

[F, φj] = fj,j′φj′ , [G, φj] = gj,j′φj′ (B.19)

Now, by the Jacobi identity, we have

[[F,G], φj] = [F, [G, φj]]− [G, [F, φj]] ≈ 0 (B.20)

Finally, let us try to get a physical understanding of the situation where we start with given
a initial state and get a solution containing arbitrary functions. The initial variables are q’s
and p’s. We do not need initial values for the coefficients v. These initial conditions describe a
physical state.
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Now, the initial state must determine the state at later times. However, the q’s and p’s
at later times are not uniquely determined by the initial state because we have the arbitrary
functions v coming in. Instead, there must be several choices of q’s and p’s which correspond to
the same state. So we have the problem of looking for all the sets of q’s and p’s that correspond
to one particular physical state. For a general dynamical variable g, if we choose two different
coefficients v and v′, the value of g at time δt differs by

∆g(δt) = δt(va − v′a)[g, φa] = εa[g, φa] (B.21)

where εa = δt(va−v′a) is a small arbitrary number, small because of δt and arbitrary because of
v. Thus, we come to the conclusion that the φa’s appearing in the theory generates infinitesimal
transformation that does not affect the physical state.

These are not the only generators of the gauge transformations. We can go on further and
find another two types:

• Apply two of these infinitesimal transformations εaφa and γaφa in succession. Applying
in different orders will give a difference (after using the Jacobi identity)

εaγa′ [g, [φa, φa′ ]] (B.22)

Thus, we can also use [φa, φa′ ] as a generating function of an infinitesimal transformation
that does not change the physical state. The only way these transformations (obtained
from the Poisson bracket) are more general than ones we had before is that they can be
secondary constraints.

• The Poisson bracket [φa, H
′] of any first-class primary constraint φa and the first-class

Hamiltonian H ′ also generate a gauge transformation. We prove it as follows. We compare
the values of the dynamical variable g at time t+ δt obtained by (i) first making a gauge
transformation of parameter va and then evolving the system with H ′ and (ii) doing the
same operations in the reverse order. The net difference is (after using the Jacobi identity)

∆g = δtva[g, [φa, H
′]] (B.23)

which must be a gauge transformation.

However, it is not possible to infer from these considerations that every first-class secondary
constraint generates a gauge transformation. One can actually construct such examples. Nev-
ertheless, one postulates, in general, that all first-class constraints generate gauge transforma-
tions.

B.2 Example: Maxwell theory

As an illustration to the abstract theory, let us consider the Maxwell theory

S = −1

4

∫
FµνF

µνd4x (B.24)

21



The canonical momentum of the canonical coordinate Aµ is

Bµ =
δS

δAµ
= F µ0 (B.25)

By taking µ = 0, we get the primary constraint

B0 ≈ 0 (B.26)

These momenta will satisfy the (equal-time) Poisson bracket

[Aµ(x), Bν(y)] = gνµδ
(3)(x− y) (B.27)

where x, y are spatial coordinates.
Let us now introduce the Hamiltonian. We define that in the usual way by

H =

∫
Bµ∂0Aµd

3x− L

=

∫ (
B0A0 + F r0∂0Ar +

1

4
FrsF

rs +
1

2
Fr0F

r0

)
d3x

=

∫ (
B0A0 +

1

4
FrsF

rs − 1

2
F r0Fr0 + F r0∂rA0

)
d3x

=

∫ (
1

4
FrsF

rs +
1

2
BrBr − A0(∂rBr −B0)

)
d3x

(B.28)

We can also utilize the ambiguity of H to get rid of the term A0B
0 and have

H =

∫ (
1

4
FrsF

rs +
1

2
BrBr − A0∂rBr

)
d3x (B.29)

Since B0 ≈ 0 has to remain satisfied at all times, [B0, H] has to be zero, which leads to the
secondary constraint

∂rBr ≈ 0 (B.30)

One can check that [∂rBr, H] = 0 reduces to 0 = 0 and thus does not give us anything new.
We now have to check whether they are first or second-class. In this example, they are all

first-class. Our expression for the Hamiltonian is also first-class. The total Hamiltonian is

HT =

∫ (
1

4
FrsF

rs +
1

2
BrBr

)
d3x−

∫
A0∂rBrd

3x+

∫
v(x)B0d

3x (B.31)

The equation of motion of A0 is
∂0A0 = v (B.32)

This gives us a meaning for the arbitrary coefficient v.
To get the most general motion, which is physically permissible, we add the secondary

constraint with arbitrary coefficients

HE = HT +

∫
u(x)∂rBrd

3x (B.33)
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There is a certain simplification that is possible. This simplification comes from the fact
that the variables A0, B0 are not of any physical significance. The equation of motion of B0 is
B0 = 0 at all the times, which is not of interest. A0 is something whose time derivative is quite
arbitrary, which is again not of interest. Thus, we can drop them out from the theory and that
will lead to a simplified Hamiltonian formalism with few degrees of freedom

H =

∫ (
1

4
FrsF

rs +
1

2
BrBr

)
d3x+

∫
u′(x)∂rBrd

3x (B.34)

where we have set v = 0 and absorb A0 into u.
One can impose gauge constraints to turn the first-class constraints into second class. For

example, removing A0, B0 amounts to the gauge choice A0 = 0. We can further impose the
Coulomb gauge

∂rAr = 0 (B.35)

so that ∂rBr = 0 together become second-class.

B.3 Quantization

To discuss the question of quantization, let us first take the case when there are no second-class
constraints. We promote our coordinates and momenta into operators that satisfy the canonical
commutation relations which correspond to the Poisson bracket relations of the classical theory.
Then we impose the constraint on the Hilbert space, namely

φjψ = 0 (B.36)

The consistency of the constraints requires

[φj, φk]ψ = 0 (B.37)

We do not want to have any fresh conditions on ψ (this is ad-hoc). We want all the conditions
on ψ to be included among (B.36), which means that we require

[φj, φk] = cjk,`φ` (B.38)

Since φj’s are all first-class in the classical theory, their Poisson bracket is a linear combination
of φ’s. However, for the quantum commutator, it does not necessarily follow that the coefficients
c are all on the left because q’s and p’s do not commute. When we set up the constraints φ’s
in the quantum theory, there may be some arbitrariness of how to order q’s and p’s. We have
to try to arrange the order such that (B.38) holds.

There is a similar discussion needed in order to check that the constraints are consistent
with the Schrodinger equation. If we start with a state that satisfies the constraint, it must
remain to do so during the entire time evolution. This requires

[φj, H] = bjkφk (B.39)

Let us now consider the case where there are only second-class constraints. The simplest
example of two second-class constraints is

q1 ≈ 0 , pq ≈ 0 (B.40)
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If we naively promote the Poisson bracket to the quantum commutator, we immediately run
into contradiction

[q1, p1]ψ = iψ = 0ψ (B.41)

In this simple case, it is obvious what the solution is. The variables q1 and p1 are not of interest
if they are both set to zero. We have to throw them away to do quantization. The existence of
second-class constraints means that there are some degrees of freedom which are not physically
important. We have to pick out these degrees of freedom and set up new Poisson brackets
referring only to the other degrees of freedom which are of physical importance. In terms of
those new Poisson brackets, we can pass over to the quantum theory.

In the presence of both first-class and second-class constraints, we have to first do linear
combination to have as many constraints as possible brought into the first class. And treat the
residual second-class by introducing the Dirac bracket. It takes care of the constraints properly
and does not change the equation of motion, i.e.

[g,HT ]D =[g,HT ]− [g, χs]css′ [χs′ , HT ]

≈[g,HT ]
(B.42)

which follows from the fact that HT is first-class.
In the quantum theory, the distinction between primary and secondary ceases to be impor-

tant. The distinction between first-class and second-class is very important. We must put as
many as possible into the first class and bring in the Dirac bracket which enables us to treat
the surviving second-class constraints properly.

C Edge theory of the Abelian Chern-Simons theory

The Abelian Chern-Simons theory, in its full generality, can be written as

S =
1

4π

∫
Y

KIJA
IdAJ (C.1)

where KIJ is a symmetric invertible matrix with integer entries and AI ’s are U(1) gauge fields.
This action is useful in the study of the hierarchy states of fractional quantum hall systems,
and is called the K-matrix formalism. For purely bosonic theories, the diagonal elements of
K must be all even integers. For fermionic theories, at least one diagonal element is an odd
integer.

Now, we consider the theory on a spatial disk, i.e., the space-time manifold is Y = D2×R.
By following the recipe discussed in Sec. 3.1, we can write down the effective action for the
boundary modes

S =
1

4π

∫
∂Y

KIJ∂σφ
I∂tφ

J − VIJ∂σφI∂σφJ (C.2)

where VIJ is a positive definite constant matrix that depends on the choice of the boundary
condition and is non-universal. The boundary field φ is related to the boundary value of the
field Aσ by

Aσ

∣∣∣
∂Y

= ∂σφ (C.3)
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We will first explain the canonical quantization of Eq. (C.2) and use the U(1)k Abelian Chern-
Simons theory as the simplest interesting example to discuss various aspects. At the end, we
will extend the discussion to the general case.

C.1 Canonical quantization

As we have discussed in Sec. 3.2, there are two equivalent approach to find the canonical for-
malism and canonical quantization. In the context of the non-Abelian Chern-Simons theory,
we only use one approach due to the non-linearality of the configuration space. Here, we will
do it with both approaches and explicitly show their equivalence.

Dirac’s approach We treat φI as the canonical coordinate of the phase space and define the
conjugate momentum by

ΠJ(σ) :=
δL

δφ̇J
=

1

4π
KIJ∂σφ

I (C.4)

The Poisson bracket is defined as usual

{φI(σ),ΠJ(σ′)}P := δIJδ(σ − σ′) (C.5)

The definition of the conjugate momentum yields primary constraints

χI(σ) = ΠI(σ)− 1

4π
KIJ∂σφ

J = 0 (C.6)

It turns out that these are the only constraints and they fall into the second class. Their Poisson
brackets are given by

CIJ(x, y) = {χI(x), χJ(y)}P ={ΠI ,−
KJM

4π
∂yφ

M(y)}P + {−KIM

4π
∂xφ

M(x),ΠJ(y)}P

=− 1

2π
KIJ∂xδ(x− y)

(C.7)

The inverse of the above C function is

(C−1)IJ(x, y) = −2π(K−1)IJ (θ(x− y) + const) (C.8)

where θ(x) is the step function that jumps between 0 and 1, const is an undetermined constant.
One can check that the above C−1 indeed satisfies∫

CIJ(x, y)(C−1)JK(y, z)dy =δIK

∫
∂xδ(x− y) (θ(y − z) + const) dy

=δIK∂x (θ(x− z) + const)

=δIKδ(x− z)

Then, we can define the Dirac bracket between any two functions on the phase space as

{f, g}D := {f, g}P − {f, χI}PC−1
IJ {χJ , g}P (C.9)

In particular, we are interested in the Dirac bracket of φI

{φI(x), φJ(y)}D = −2π(K−1)IJθ(x− y) (C.10)
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Witten’s approach The action itself is already in the Hamiltonian form (first order in
time derivative), and it is more convenient to shortcut Dirac’s procedure. Let us consider the
variation of the action

δS = −
∫
dσdt

1

2π
KIJδφ

I∂σ∂tφ
J (C.11)

which yields an anti-symmetric matrix

FIJ(x, y) = − 1

2π
KIJδ(x− y)∂y (C.12)

If we regard φI as the phase space variables, we can directly use the inverse of FIJ to define
the Poisson bracket as

{φI(x), φJ(y)}P := (F−1)IJ(x, y) = −2π(K−1)IJ (θ(x− y) + const) (C.13)

We get the same result.

Quantization The canonical quantization is simply to replace the bracket by the quantum
commutator, which in this case is

[φI(x), φJ(y)] = −2πi(K−1)IJ (θ(x− y) + const) (C.14)

Note that this commutator is non-local. This is not problematic because φ is a compact variable
and is not a well-defined local operator by itself. Its derivative is a well-defined local operator
and has the commutator

[∂xφ
I(x), ∂yφ

J(y)] = 2πi(K−1)IJδ
′(x− y) (C.15)

C.2 Example: U(1)k

Let us begin with the simplest interesting example, the U(1)k Chern-Simons theory, and discuss
with details. This theory can describe the Laughlin states. There is only one U(1) gauge field
A. The bulk and the edge (with Lorentzian invariant boundary condition) action is

S[A] =
k

4π

∫
Y

A ∧ dA

S[φ] =
k

4π

∫
∂Y

∂σφ∂tφ− (∂σφ)2 , φ ' φ+ 2π

(C.16)

The gauge field and the boundary field are still related by Aσ = ∂σφ. The boundary condition
of φ is related to the holonomy of the gauge field and thus is∫ 2π

0

∂σφ dσ = 2πQ , Q ∈ Z (C.17)

Here, we require Q to be an integer in order to be consistent with the absence of topological
defect in the bulk (i.e., the A has a trivial holonomy 〈ei

∮
Aσ〉 = 1). In the context of fractional
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quantum Hall systems, 1
2π
∂σφ is the electron density and Q is the number of electrons on the

edge. The canonical quantization yields the following commutation relation

[φ(x), φ(y)] =− 2πi

k
θ(x− y)

[∂xφ(x), ∂yφ(y)] =
2πi

k
δ′(x− y)

(C.18)

where we have chosen the undetermined constant to be zero [any reason for this choice, or we
should treat it as part of the definition?].

Local operators First, let us determine the operator content in the theory. In addition to
the derivatives of φ, local operators at least have to be the vertex operators

: einφ(x) : , n ∈ Z (C.19)

In order to determine whether they are actually local or not, we can compute their com-
mutator with ∂σφ and among themselves. These commutators can be computed using the
Baker-Campell-Hausdorff formula (the normal ordering does not matter in this calculation):

• The commutation with ∂xφ

[∂xφ(x), : einφ(y) :] =
2πn

k
δ(x− y) : einφ(y) : (C.20)

implies that : einφ(y) : can modify the boundary condition of φ, i.e.

[

∫ 2π

0

∂xφ(x)dx, : einφ(y) :] =
2πn

k
: einφ(y) : (C.21)

The twist is restricted to be an integral multiple of 2π, and thus only

: eiNkφ :, N ∈ Z

act within the Hilbert space.

• The commutators among the vertex operator themselves are

: einφ(x) :: ein
′φ(y) : =e−nn

′[φ(x),φ(y)] : ein
′φ(y) :: einφ(x) :

=e
2πinn′
k

θ(x−y) : ein
′φ(y) :: einφ(x) :

(C.22)

Not all the vertex operators are mutually local, only

: eiNkφ :, N ∈ Z

commute with other ones and can be treated as local operators. Furthermore, We notice
that : eikφ is actually a fermionic operator when k is odd.

Therefore, the set of local operators are generated by

∂nxφ , : e±ikφ : (C.23)

In the context of the fractional quantum Hall systems, they describes the density fluctuation
and adding/removing an electron on the edge.
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Spectrum Now, we determine the energy spectrum of the theory. We will use the spectrum
to determine the partition function and identify it with the chiral character of the compact
boson.

The quantum Hamiltonian is defined with the normal ordering in order to remove the
diverging ground state energy

H =
k

4π

∫ 2π

0

: (∂σφ)2 : dσ (C.24)

We can separate φ into two parts, the zero mode which includes the winding and the quantum
part which includes the fluctuation

φ(σ) = φ0 +Qx+ φqu(σ) (C.25)

where φqu(σ) is periodic in space and has the following Fourier expansion

φqu(σ) =
1√
2π

∑
n 6=0

φne
−inσ (C.26)

The commutation relation of φn is

[φn, φm] =
2π

k

1

n
δn+m (C.27)

We want to treat φn>0 as the annihilation operator and the Hamiltonian in terms of the Fourier
mode is

H =
k

2
Q2 +

k

2π

∑
n>0

n2φ−nφn (C.28)

The Hilbert space falls into topological sectors that are labeled by Q. The vertex operator e±ikφ

maps state from one sector to the other. Each sector has a ground state that satisfies

φn>0 |Q; 0〉 = 0 (C.29)

The excited states are created by applying φ−n (or equivalently ∂kφ).

The partition function is obtained by summing over states from different topological sectors.
The result is given by

Z(τ) =
1

η(τ)

∑
Q∈Z

q
k
2
Q2

(C.30)

where η(τ) comes from summing over the states within each topological sector.15 This is the
character of the compact boson with radius R2 = k (and α′ = 2 in Polchinski’s convention).
More generally, let us define the chiral character for the twist sectors as

χ`(τ) =
1

η(τ)

∑
Q∈Z

q
1
2k

(kQ+`)2

, 0 6 ` < k (C.31)

15Strictly speaking, the normal-ordered Hamiltonian can not give us the q1/24 term in η(τ).
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Its modular transformation is

χ`(τ + 1) = e
2πi
(
`2

2k
− c

24

)
χ`(τ) , χ`(−1/τ) =

1√
k

∑
`′

e
2πi``′
k χ`′(τ) (C.32)

Thus, the partition function is not modular invariant. The detail of this computation will be
provided later when we discuss the partition function with defect lines.

Correlators Finally, let us look at some Euclidean correlation functions. This can be easily
computed by using the Heisenberg operator (we suppress the zero mode, which is important in
the computation of the correlation function of vertex operators)

φ(x, τ) = eHτφ(x)e−Hτ =
1√
2π

∑
n6=0

φn
zn

z = eτ+ix = ew (C.33)

Then one can show that

〈∂xφ(x, τ)∂xφ(0, 0)〉 =
1

k

1

(2 sinh w
2
)2

(C.34)

When the spatial dimension becomes large, the result gets simplified

〈∂xφ(x, τ)∂xφ(0, 0)〉plane =
1

k

1

(τ + ix)2
(C.35)

Accordingly, we have

〈φ(x, τ)φ(0, 0)〉plane = −1

k
log(ix+ τ) (C.36)

〈einφ(x,τ)e−inφ(0,0)〉plane =
1

(ix+ τ)n2/k
(C.37)

The vertex operator einφ thus has the conformal dimension

hn =
n2

2k
(C.38)

This is equivalent to Polchinski’s convention at α′ = 2, R2 = k. When n = k, the conformal
dimension is k/2, which is a half integer for odd k. This is consistent with the fact that eikφ is
a fermionic operator at odd k. When n = kQ with Q ∈ Z, we see that the conformal dimension
of eikQφ is the same as the ground state energy of the charge Q sector. This is consistent with
the state-operator correspondence.

Partition function with defect line The global U(1) symmetry allows us to introduce
partition function with a defect line, which in this case is a chemical potential

Z(τ, µ) := TrH q
L̂0− 1

24 eiµQ̂ , q = e2πiτ , µ ∈ [0, 2π] (C.39)

where we use ·̂ to emphasis that L̂0 and especially Q̂ are operators. Such an object is quite
useful in the study of modular bootstrap. More generally, we can define the partition function
with a defect line in the twisted sector

Z`(τ, µ) := TrH` q
L̂0− 1

24 eiµQ̂ (C.40)
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Our goal here is to compute the modular S-matrix of this object and extract its high temper-
ature limit (τ → 0), which is related to the charged Cardy formula.

The expression of Z` follows from the previous results about the spectrum and is a simple
modification to (C.31)

Z`(τ, µ) =
1

η(τ)

∑
Q∈Z

q
1
2k

(`+kQ)2

eiµ(Q+ `
k

)

Note that the extra iµ`/k term is added because the boundary condition of φ is shifted by
`/k in the twisted sector. This term is related to the fractional charge of the anyon in the
bulk. Its modular S-transformation can be computed by the Poisson summation formula. The
computation is detailed below

Z`(−
1

τ
, µ) =

eiµ`/k√
−iτη(τ)

∑
Q∈Z

exp

[
−2πi

τ

(`+ kQ)2

2k
+ iµQ

]

=
eiµ`/k√
−iτη(τ)

∫
R
dx
∑
M∈Z

exp

[
2πiMx− 2πi

τ

(`+ kx)2

2k
+ iµx

]
=

eiµ`/k√
−iτη(τ)

∫
R
dx
∑
M∈Z

exp

[
2πi

(
(M +

µ

2π
)x− k

2τ
(x+

`

k
)2

)]
We can complete the square as

(M +
µ

2π
)x− k

2τ
(x+

`

k
)2

=− k

2τ

(
x+

`

k
− (M +

µ

2π
)
τ

k

)2

− `

k

(
M +

µ

2π

)
+

τ

2k

(
M +

µ

2π

)2

Then, we can perform the Gaussian integral in x first and have

Z`(−
1

τ
, µ) =

1√
k

1

η(τ)

∑
M∈Z

e−2πi `M
k q

1
2k

(M+ µ
2π

)2

(C.41)

Let M = `′ +Q′k with `′ = 0, 1, · · · , k − 1 and Q′ ∈ Z, we can reorganize the summation as a
double sum

Z`(−
1

τ
, µ) =

1√
k

1

η(τ)

k−1∑
`′=0

∑
Q′∈Z

e−
2πi
k
``′q

1
2k

(`′+Q′k+ µ
2π

)2

We can let `′ = k − ˜̀and modifies Q′ accordingly to get the following final form

Z`(−
1

τ
, µ) =

1√
k

1

η(τ)

k∑
˜̀=1

∑
Q̃∈Z

e
2πi
k
`˜̀q 1

2k
(˜̀+Q̃k− µ

2π
)2

(C.42)

Written more compactly, we have

Z`(−
1

τ
, µ) = exp

(
iτµ2

4πk

) k∑
˜̀=1

S`,˜̀Z˜̀(τ,−τµ) , S`,˜̀=
1√
k
e

2πi
k
`˜̀ (C.43)
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Note that the chemical potential is also changed under the modular transformation.

Now, we can extract the high-temperature limit (τ → 0) of the partition function Z(τ, µ).
If we assume −π < µ < π, the leading term is given by

Z(τ, µ) ∼ 1√
k

exp

(
− iµ2

4πkτ

)
q̃−

1
24 =

1√
k

exp

[(
π

12
− µ2

4πk

)
L

ε

]
(C.44)

In the second step, we choose a particular modular parameter τ = iε/L. This is related to the
charged Cardy formula. When µ = π, both ` = 0 and ` = 1 make contribution, the leading
term is amplified by a factor of 2.

The above result is mixed with the background thermal fluctuation. We can isolate the
contribution of the defect line by considering the ratio

ln 〈eiµQ̂〉 := ln
Z(τ, µ)

Z(τ, 0)
∼ − µ2

4πk

L

ε
− 1 + δµ,π

2
ln k (C.45)

Let us give a physical interpretation of this result using a different context.16 Suppose that
we have a two-dimensional U(1) symmetric gapped state and consider the expectation value of

eiµQ̂D , where Q̂D is the total charge associated to a disk subregion D. Since the state preserves
the U(1) symmetry, eiµQ̂D acts non-trivially only near the edge of the subregion and can be
approximated by a line operator that is supported on ∂D. The line operator should be regarded
as a defect line because any charged object with a charge q will get a phase factor eiµq after
encircling the line. Generically, the line operator has a line tension and its expectation value
satisfies a perimeter law

ln 〈eiµQD〉 = −αLD − γ (C.46)

Then, (C.45) implies that if the low-energy physics of the gapped state is described by the
U(1)k Chern-Simons theory, we have

α =
µ2

4π

1

k

1

ε
, γ =

1 + δµ,π
2

ln k (C.47)

The constant correction is universal and related to the level of the Chern-Simons theory. The
line tension has more structures: it is quadratic in µ, has a UV divergence from 1/ε and
proportional to the level. However, this case is too special that it obscures the general structure
of the line tension. In the following, we will discuss the Abelian Chern-Simons theory with a
general K-matrix and come back to this point, where the correct interpretation becomes more
clear.

C.3 General K-matrix

In this section, we return to the general case. It is technically not that different from the
simplest U(1)k Chern-Simons theory and thus we will mostly quote results without proof. The
action is copied below

S =
1

4π

∫
Y

KIJa
IdaJ , I = 1, · · · , N

16We thank Meng Cheng and Yingfei Gu for helpful private discussion.
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Here, we use the lower-case aI for the dynamical U(1) gauge fields and save the upper case A
for the external U(1) gauge field that is introduced below.

We want to specify an external global U(1) symmetry of the system, that is coupled to the
external electromagnetic fields, to eventually make some contact to the fractional quantum hall
systems. However, such a choice is not canonical and can be denoted by a charge vector t with
integer components. Thus, the action with the U(1) background electromagnetic field is

S[a,A] =
1

4π

∫
Y

KIJa
IdaJ − 1

2π

∫
tIAda

I (C.48)

Bulk properties We first list some bulk properties of the theory:

• Hall conductance

σH =
1

2π
tTK−1t (C.49)

• The anyons are described by a bosonic current j and characterized by another integer
vector ` as follows ∫

`Ia
I · j (C.50)

Such an anyon carries a U(1) charge

q` = `TK−1t (C.51)

• Self-statistics
θ`,` = π`TK−1` (C.52)

• Mutual braiding statistics
θ`,`′ = 2π`TK−1`′ (C.53)

• Local excitation `,
` = KΛ (C.54)

where Λ is an arbitrary integer vector. This condition guarantees that it has a trivial
braiding statistics, i.e., θ`,`′ ∈ 2πZ for all integer vectors `′. A local excitation always
carry an integer amount of charge ΛT t.

• Two anyon vectors are equivalent if they differ by a local excitation

` ∼ `′ if `− `′ = KΛ for some Λ (C.55)

We will use L to denote the set of representative vectors from the equivalence classes.
There is one pictorial way of representing the inequivalent (abelian) anyons. We think
of the integer vectors ` that label the anyons as a vector in the N -dimensional integer
lattice ZN . The primitive vectors are given by the columns of the K matrix,

{bi ∈ ZN |i = 1, . . . , N, bi,j = Kj,i}

which form a Bravais lattice. The distinct anyons thus correspond to the sublattices in
this lattice. The fusion of anyons is the vector addition on this lattice. The statistics of
two anyons represented by vectors a and b is determined by the inner product between
the two vectors, where the inner product is defined as aTK−1b.
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Example: We illustrate the above idea with one concrete example, the Z2 toric code, which
is described by a 2×2 K matrix. There are four types of anyons 1, e,m, f and can be organized
as follows on the anyon lattice

K =

(
0 2
2 0

)
(2, 0)

(0, 2)

e : (1, 0)

m : (0, 1)
f : (1, 1)

1 : (0, 0)

(C.56)

If one were to make connection between the abstract theory and the actual quantum Hall
system, it would have to satisfy two constraints: [8]

• Local excitations that carry an even U(1) charge must be self bosons. It requires

tI = KII mod 2 (C.57)

• At least one local excitation is a fermion (electron). It requires

gcd(t1, · · · , tN) = 1 (C.58)

The following discussion will be general and not affected by whether imposing such constraints
or not.

Edge properties The edge modes are also coupled to the background electromagnetic field.
The action is

S[φ,A] =
1

4π

∫
KIJ∂xφ

I∂tφ
J − VIJ∂xφI∂xφJ +

1

2π

∫
εµνtI(∂µφ

I)Aν (C.59)

If we just turn on a chemical potential, A0 = µδ(t) being a constant at a given time slice, the
gauge coupling takes the form

µ

2π

∫
tI(∂xφ

I)dx = µtIQ
I (C.60)

where QI ∈ Z is the boundary condition for the boundary field φI . Thus, we can identify tIQ
I

as the total U(1) charge of the system.

Generally, both chiral and anti-chiral modes coexist in the action. This can be made manifest
by diagonalizing the K matrix. We introduce new variables φ = Wφ̃, where W is a real N ×N
matrix that does

W TKW = Σ =

(
In
−Iñ

)
, n+ ñ = N (C.61)

The action written in terms of the new field variables φ̃ is

1

4π

∫
ΣII∂xφ̃

I∂tφ̃
I − ṼIJ∂xφ̃I∂xφ̃J (C.62)
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We will assume that ṼIJ = δIJ so that the dynamics of the system is described by a con-
formal field theory.17 It is then clear that there are n chiral modes and n anti-chiral modes,
which corresponds to the eigenvectors of the K-matrix with positive and negative eigenvalues,
respectively.

The local operators are the derivatives of φI and a subset of the vertex operators. A generic
single-valued vertex operator is associated to an integer vector

: ei`
Tφ : , `I ∈ Z (C.63)

which corresponds to the anyon ` in the bulk. Let us compute its commutator with other
operators using the baker-Campell-Hausdorff formula:

• Commutator with ∂xφ
I

[∂xφ
I(x), ei`

Tφ(y)] = 2π(K−1)IJ`Jδ(x− y)ei`
Tφ(y) (C.64)

implies that ei`
Tφ(y) changes the boundary condition of φI by 2π(K−1)IJ`J and thus

carries a U(1) charge tTK−1`. Since we require that the boundary conditions of all φI

is an integral multiple of 2π (states carry integer charges), only vertex operators with
` = KΛ act within the Hilbert space.

• Commutator with another vertex operator

ei`
T
1 φ(x)ei`

T
2 φ(y) = e2πi`T1 K

−1`2θ(x−y)ei`
T
2 φ(y)ei`

T
1 φ(x) (C.65)

Therefore, only vertex operators with ` = KΛ commute (or anti-commute) with other
ones and can be regarded as local operators.

Therefore, the set of local operators are generated by the following ones

∂nxφ
I , ei(KΛ)Tφ , ΛI ∈ Z (C.66)

which, by the operator-state correspondence, generate all the states in the Hilbert space. In
the quantum Hall systems, they describe the density fluctuation and creation/annihilation
of fermions and bosons. Other vertex operators ei`

Tφ, where ` is a representative of integer
vectors that is not of the form of KΛ, give rise to the twisted sectors and correspond to
creation/annihilation of anyons. Again, we use L, the same as what we have introduced for the
anyons, to denote the set of twisted sectors.

To accommodate the above discussion, let us write a generic vertex operator as

ei(`+KΛ)Tφ , ` ∈ L (C.67)

In this free field theory, the conformal dimension of an operator is determined by the two-
point function of the fundamental field, which can be read off from the equations of motion.

17The Hilbert space, as a representation of the local operator algebra, is not affected by the choice here.
Because the algebra is determined by the quantization, which in this case is determined by K. The dynamics,
which is related to the dispersion, is affected.
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Therefore, to determine the conformal dimension of the vertex operator, it is more convenient
to rewrite the vertex operator in terms of the variable φ̃

eiγ
T φ̃ , γ = W T (`+KΛ) (C.68)

Note that the first n components of φ̃ are chiral and the last ñ components are anti-chiral. The
conformal dimension of the generic vertex operator is

h =
1

2
γT
(
In

0

)
γ , h̃ =

1

2
γT
(

0
Iñ

)
γ (C.69)

The scaling dimension and the conformal spin are

∆ = h+ h̃ =
1

2
γTγ , s = h− h̃ =

1

2
γTΣγ =

1

2
`K−1`+ integer (C.70)

Note that the conformal spins of the vertex operators are the same as the self-statistics of the
anyons, which is consistent with the bulk-edge correspondence.

Partition function with a defect line The above discussion prepares us for writing down
the partition function in a twisted sector, labeled by `. We also allow the insertion of a U(1)
symmetry defect line. The general partition function is

Z`[τ, µ] =
1

η(τ)nη(τ)ñ

∑
Λ∈ZN

qh`+KΛqh̃`+KΛeiµt
TK−1(`+KΛ) , q = e2πiτ (C.71)

where we have used the fact that a vertex operator labeled by `+KΛ carries the external U(1)
charge tTK−1(`+KΛ).

We are interested in the modular properties of the partition function. The modular T
transformation is simple

Z`(τ + 1, µ) = e2πis`Z`(τ, µ) (C.72)

where s` = 1
2
`TK−1` is the conformal spin of the vertex operator ei`

Tφ. Since K is a non-
degenerate matrix, only the identity sector ` = 0 is modular T invariant. The modular S
transformation is more complicated

Z`(−
1

τ
, µ) = exp

(
−µ

2

4π
tTWA(τ, τ)W T t

)∑
`′∈L

S`,`′Z`′(τ, µ̃) (C.73)

where A is a diagonal matrix that is determined by the modular parameter

A(τ, τ) =

(
−iτIn

iτIñ

)
(C.74)

The chemical potential is also transformed and µ̃ becomes a matrix

µ̃ = µW

(
−τIn

−τIñ

)
W−1 (C.75)
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The modular S matrix is the related to the braiding statistics of the anyons in the bulk and is
given by

S`,`′ =
1√
| detK|

eiθ`,`′ (C.76)

One can check that it reduces the previous result in the U(1)k case.
The modular S transformation can be computed by the Poisson summation formula in high

dimensions, which is reviewed in Appendix. D. Let us first introduce some notations. The states
that differ by the U(1) charge within the twist sector ` ∈ L fit into the following Euclidean
lattice

Γ` = {W T (`+KΛ)|ΛI ∈ Z} (C.77)

The basis vectors of the lattice correspond to the columns of the matrix W TK and thus the
volume of the unit cell of the Euclidean lattice is

vol(Γ) =
√
| detK| (C.78)

We can then rewrite the partition function as a summation over vectors in the lattice

Z`[τ, µ] =
1

η(τ)nη(τ)ñ

∑
γ∈Γ`

exp
[
−πγTA(τ, τ)γ + iµt̃Tγ

]
A(τ, τ) =

(
−iτIn

iτIñ

)
, t̃ = ΣW T t

(C.79)

Under a modular S-transformation, we have

Z`(−
1

τ
, µ) =

1√
| detK|

1

η(τ)nη(τ)ñ

∑
p∈Γ∗0

exp

[
−π(p+

µt̃

2π
)TA(τ, τ)(p+

µt̃

2π
)− 2πi`TWp

] (C.80)

where Γ∗0 is the dual lattice of Γ0 and we have used the property A(τ)−1 = A(−1/τ). One can
show that the dual lattice is equal to a union of the original lattices18

Γ∗0 =
⋃
`′∈L

Σ · Γ`′ (C.81)

18A vector p ∈ Γ∗0 in the dual lattice should satisfy p · γ ∈ Z,∀γ ∈ Γ0. Since K and W are non-degenerate
matrices, we can write p = W−1K−1P = ΣWTP without loss of generality. Then, for γ = KTKΛ ∈ Γ0, we
have

p · γ = P · Λ ∈ Z

which can be solved by imposing P to be an integer vector. The dual lattice Γ∗0 can be written as

Γ∗0 = {ΣWTΛ′|Λ′ ∈ ZN}

Note that any integer vector P can be written as in the form of `′ +KΛ′ for some `′ ∈ L and an integer vector
Λ′. Therefore, we can rewrite the dual lattice as the union of the original lattices.
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Therefore, the summation can be reorganized as a double sum∑
p∈Γ∗0

p=Σγ
=

∑
`′∈L

∑
γ∈Γ`′

and we have (note that we changes the sign of `′ and γ to be consistent with the convention in
the literature)

Z`(−
1

τ
, µ) =

∑
`′∈L

1√
| detK|

1

η(τ)nη(τ)ñ

×
∑
γ′∈Γ`′

exp
[
−π(γ − µ

2π
W T t)TA(τ, τ)(γ − µ

2π
W T t) + 2πi`TK−1`′

] (C.82)

This completes the derivation of the modular S transformation (C.73) shown before.

Now, we consider the high-temperature limit (τ → 0) of the partition function. We choose
a particle modular parameter τ = iε/L and let ε → 0, in which case the matrix A becomes
proportional to the identity matrix. The leading term is

〈eiµQ〉 := ln
Z(τ, µ)

lnZ(τ, 0)
∼ −µ

2

4π

(
tTWW T t

) L
ε
− 1

2
ln detK (C.83)

One can show that the matrix WW T is almost the inverse of the K-matrix, with all the negative
eigenvalues being flipped to become positive. Namely, if the K-matrix is diagonalized as

K = O diag(k1, · · · , kn,−kn+1, · · · ,−kn+n)OT , ki > 0 (C.84)

Then we have

K̃−1 := WW T = O diag(
1

k1

, · · · , 1

kn
,

1

kn+1

, · · · , 1

kn+n

)OT , ki > 0 (C.85)

and can write the result as

〈eiµQ〉 := ln
Z(τ, µ)

lnZ(τ, 0)
∼ −µ

2

4π

(
tT K̃−1t

) L
ε
− 1

2
ln detK (C.86)

This sign flip means that both the chiral and anti-chiral modes make positive contribution to
the line tension

D Poisson summation formula

This section is a review of the Poisson summation formula in high dimensions. Let us consider
a d-dimensional Euclidean lattice Γ

Γ = {γ0 +
d∑
i=1

niεi|ni ∈ Z} (D.1)
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where γ0 is a vector lying inside the unit cell Γ0

Γ0 = {
d∑
i=1

xiεi|0 6 xi < 1} (D.2)

The volume of the unit cell is given by

vol(Γ) =
√

det gij , gij = εi · εj (D.3)

The dual lattice Γ∗ is similarly defined

Γ∗ = {
d∑
i=1

niε
∗
i |ni ∈ Z} , ε∗i · εj = δij (D.4)

Note that there is no additional shift in the dual lattice. For an arbitrary scalar function f(γ)
defined on the lattice Γ, the Poisson summation formula is∑

γ∈Γ

f(γ) =
1

vol(Γ)

∑
p∈Γ∗

e−2πiγ0·pf̃(p) (D.5)

where f̃(p) is the Fourier transformation of f(x), i.e.,

f̃(p) =

∫
Rd
e2πix·pf(x)ddx (D.6)

Note that the integral is done over the entire Euclidean space.

The proof is outlined below. We introduce an auxiliary function

F (z) =
∑
γ∈Γ

f(γ + z) (D.7)

which is, by construction, periodic on the lattice Γ and can be Fourier expanded

F (z) =
∑
p∈Γ∗

e−2πiz·pF̃ (p) , F̃ (p) =
1

vol(Γ)

∫
Γ0

e2πiy·pF (y)ddy (D.8)

One can plug the definition of F into its Fourier expansion and have

F (z) =
∑
p∈Γ∗

e−2πiz·p 1

vol(Γ)

∫
Γ0

e2πiy·p
∑
γ∈Γ

f(γ + y)ddy

Then we can combine the summation of x and the integral of y into an integral over the entire
space Note that the unit cell Γ0 is not shifted by γ0, we have

F (z) =
∑
p∈Γ∗

e−2πiz·p e
−2πiγ0·p

vol(Γ)

∫
Rd
e2πix·pf(x)ddx

=
∑
p∈Γ∗

e−2πiz·p e
−2πiγ0·p

vol(Γ)
f̃(p)

Finally, setting z = 0 yields the Poisson summation formula.
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