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Abstract

In this note, we discuss how to use the CFT technique to compute the topological
entanglement, including the entanglement entropy and negativity. Some useful references
are [1-3]
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1 Introduction and motivation

Topological entanglement entropy is one defining feature of two-dimensional topological ordered
states. However, it does not applies nicely for mixed states. A tentative substitute is the
entanglement negativity. Here we want to compute the entanglement negativity defined as

Ex = log||p™| (1)

Its Renyi versions are
1 Tr(p™)"
RY = 1
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(2)

The entanglement negativity is recovered by taking the limit Ey = lim,,_; RE\?) (with even n).

Let us assume the 2+41-dimensional topological order possesses edge states described by a
CFT. We consider a cylinder geometry and bipartition the system into two parts A and B as
shown below

A B

The ground state |G) can belong to different topological sectors a, which are in one-to-one
correspondence of the anyon labels. We want to consider the following two types of states

D %alGa)y D palGa) (Gal (3)

Because of the orthogonality between different sectors, topological entanglement entropy cannot
distinguish them. We have to use better quantities. As we will see, negativity, as a better
entanglement measure for mixed state, does tell them apart.

2 Preliminary

We want to calculate the entanglement by using the CFT approach. The first thing is to
write our state |G,) in terms of the CFT data. In this subsection, we will explain how this
can be done. As a bi-product, we can also explain the relation between the edge Hamiltonian
and entanglement Hamiltonian, which was first found by Li and Haldane that for certain
topological phases (fractional quantum Hall, non-interacting topological insulators and the
Kitaev honeycomb model, etc), to certain generality.

Let us consider the cylinder geometry and bipartition as shown above. The (physical)
Hamiltonian can be written in the following form

H=H,+ Hg+ Hup (4)

where H 4, Hg denote the Hamiltonians in disconnected regions A and B, and they are coupled
by the term H,p. Now we consider a one-parameter family of Hamiltonians

H(\) = Ha+ Hp + \Hap (5)
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which interpolates the Hamiltonian of the two decoupled cylinders A, B and the full Hamilto-
nian. Let us examine a few limits:

e Without the coupling H 4p, each subsystem supports a gapless edge that is described by
CFTs.

e With the coupling, the whole system becomes gapped everywhere, whose gap is approxi-
mately the same as the bulk gap of Hy, Hp.

e When the coupling A is small enough such that it does not affect the bulk states described
by H4 and Hpg, the main effect of AH 45 is to induce an inter-edge coupling between the
two edge states. The problem is then reduced to what happens to a non-chiral CFT with
the perturbation AH 4p.

The problem at interest is the system described by H(A = 1). If the perturbation is relevant,
the edges will be gapped for arbitrarily small coupling. In this case, the two limits 0 < A < 1
and A\ = 1 are expected to be adiabatically connected in the sense that the ground state
wavefunctions in the two limits share the same universal properties such as the topological
entanglement. In the following, we assume a relevant coupling’ and study the entanglement
properties of the Hamiltonian H(\) for small values of \.

Note that the entanglement structure of |G) is complicated by the multi-party entanglement,
which makes it hard to write down an expression for |G) that is able to include all the universal
entanglement properties. Here, we are only interested in the bi-partite entanglement. Therefore,
it suffices to replacing the original problem by the 1+1-dimensional problem of coupled edge
systems

Hedge()\) = Hp + HR + )\Hint

and further assume that the structure of |G) can be extracted by understanding its reduced
density matrix

pr = Trr (|G) (G])

Here, Hy/r denote the left/right edge, Ay is a relevant coupling and |G) is also the ground
state of Hedge(A). The reduced density matrix py, is uniquely determined by all the equal-time
correlation functions of operators which are supported solely on the left edge

Try, (B_itHLPLGitHL Or10r2--- OL,n)
Let us rewrite the above expression in terms of the full wavefunction |G) as
(Gl RO 1Oy -+ Op e MHEHHR)|G)

which can be interpreted as a quantum quench problem: the initial state is the ground state
|G) of Hegge(Ao) with A # 0, at time ¢ = 0 the coupling A, is suddenly switched off so that the
left and right edges evolve independently for ¢ > 0. [in order to motivate B states, we have to
do time evolution to make connection to the quench problem. however, the density matrix can
be characterized by the correlation function just at the ¢ = 0 time slice, it is not clear why we
have to consider time-evolution.]

!This assumption is more natural for chiral edges because it is easier to have a relevant backscattering term.

3



This connection to the quench problem provides a way to approximate |G). Because Hap
is a relevant perturbation, the initial state |G) is short-range correlated. In quench problems,
such short-range entangled states can be replace by one of the conformally invariant boundary
states, i.e.

Q

LR
NG |1B) (6)
where 75 > 0 is the extrapolation length and controls the correlation length of the state |G),
Z is a normalization factor. It is believed that this replacement captures the long-distance
behavior of the correlation functions. [Similar phenomena was also studied in the coupled SYK
model.]

The construction of the conformally invariant boundary states depends on properties of the
CFT. We will always assume rational CF'Ts and discuss two situations separately:

|G)

e Chiral edges, namely, H; and Hp describe a chiral and anti-chiral CF'T which combines
into a single full-fledge CFT. Examples are the edge of fractional quantum Hall. In this
case, the conformally invariant boundary states are known to be finite linear superposition

of Ishibashi states "
dao(n

= > Nka(n), ) @ [Ka(n), ) g (7)

n=0 j=

—_

where a denotes the topological sector in the bulk (primary field in the CFT), k,(n) =
27(he +mn)/l denotes the level of descendant, j labels the non-vanishing orthogonal states
at a given level n. The Ishibashi states are examples of maximally entangled states.

The state |G,) can be written as

—70(2ka(n)— ﬂcLJrcR)

o0 (
)~ Y g X ) @ TR ®)

n=0

where ¢, = cg. It resembles the thermal-field-double state. The corresponding reduced
density matrix is

oo
€
La™ )

n=0

—47g(ka(n)— L)

da(n)
12l . 1 — AT
2 Ik ko). jl, = - Pac™ ™R (9)

Here P, is the projection operator onto the corresponding sector of the CFT. The nor-
malization factor Z, is a chiral character x, with modular parameter 7 = 47/l

dg(n)

=03 el = () (10)

1

—~

n=0 j

e Non-chiral edge, namely, Hy g is a full-fledge CF'T on its own. In this case, there are
multiple choices for the conformally invariant boundary states. The requirement is that it
has to contain entanglement between the two edges, which rules out choices like |B,); ®
|Ba) g, where [B,); p is the conformally invariant boundary states for the left /right edge.
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One possible choice is the following
da(n')

=3NS (ka), ), TRa(0), 5, @ [ka(n), 5) g [Ra(n), ) (11)

n=0 j=1 n'=0 j/'=1

da(n)

where a denotes the topological sector, B means that it is not the usual conformally
invariant boundary state. The momentum is chosen appropriately such that it satisfies
(T —T)|B,) =0 and contains entanglement between the left and right edges simultane-
ously. It reduces to the chiral case if we remove the anti-holomoprhic component from
the left edge and holomorphic one from the right edge.

The state |G,) can be written as

S ettt -252)

Z, =0 j=1 n/=0 j'=1 (12)
|ka(n), ) g [ka(n'), 5") , @ [Ka(n'), §) g Ka(n), 5) g

where ¢, ¢ denotes the holomorphic and anti-holomorphic central charge one one edge.
The reduced density matrix can also be written in terms of the edge Hamiltonian

o0 —
Z =470 (a(n)+ka(n') - =52 )

[ka(n), 3)p [Ka(1), 5}, (Ra (), 51, (Ra(n), J1,,

In this case, the normalization factor ZL is the product of chiral and anti-chiral character
with modular parameter T = 47/l

[e'e} da(n) [e’e} da(nl
-3 S et 3235 ) e 9
n=0 j=1 n'=0 j'=1

Another possible choice is

da(n)

DD k() 5)p [ka(n), 5), @ [ka(n), ) g [Ka(n), )

n=0 j=1

However, this choices is inconsistent with the lattice calculation. For example, one can
compute the topological entanglement entropy or modular-S matrix and show that this
choice yields different answers.

Let us summarize and conclude this subsection with a few comments:



e We have shown that how to write the state |G,) in terms of CFT data in both the chiral
and non-chiral case. Let us remind ourselves the assumptions we have made.

e One is having a relevant coupling AH4p. Now, let us understand what if we relax this
assumption. Because the state is eventually gapped at A = 1, the only possibility is that
H,p contains an exactly marginal component and an irrelevant component such that it
continuously tunes the scaling dimension of the irrelevant term until it becomes relevant
and drives a transition. However, the identification to the quench problem still works and
our conclusion does not change.

e The other assumption is only considering bi-partite entanglement. This is important in
making connection to the quench problem. Strictly speaking, we can only justify the
final expression as a good approximation of the reduced density matrix and entanglement
spectrum. It does not guarantee any reliable results if one wants to use use the full state
|G) to compute other bi-partite entanglement quantity such as the negativity. [the result
of negativity looks reasonable, so there might be a better understanding on the validity
of the approximated wavefunction of the state.]

e The results establish the connection between the entanglement Hamiltonian and the edge
Hamiltonian to a wide range of generality. We can also apply it to understand the
modular-7 transformation, the Dehn twist on the torus. To define a corresponding le-
gitimate quantum operation, we have to find a translation operator that only acts near
the cut. The translation defined in the UV (on the lattice scale) does not work because
it acts on the entire system.

What we have shown provides an answer to this question. For topological phases whose
the low energy physics near the cut can be captured by the conformally invariant boundary
states, thus we can use the translation defined for the CFT. This is, by definition, an
operator in the IR and only acts near the cut. After the translation, the state returns to
itself with an additional phase factor ™. Namely, we can extract the topological spin
from the modular-7.

3 Topological entanglement entropy

As a warm-up, let us apply the above conclusion to compute the von Neumann entropy and
extract the topological part. For simplicity, let us first assume the subsystem A is in a certain
topological sector a. Physically, it means that the subsystem A contain an anyon a. The

reduced density matrix is pr, = Zie_ﬁHa, where 8 = % is a non-universal constant and the
modular Hamiltonian is (defined in the sector a)
2m — c+c
H,=—(Lo+ Lo —
o= ot lo= 50

Although we write both the homolomorphic and anti-holomorphic part, the edge is allowed to
be chiral such that we can treat the chiral and non-chiral case in the same formalism. Then
the von Neumann entropy can be regarded as the thermodynamic entropy

1
Sa=zlogZ,, Zo=Tr, e P Ha (15)



For chiral edges, the partition function Z, is the chiral character. For non-chiral edge, it
involves both holomorphic and anti-holomorphic part. can be evaluated by using the modular
invariance. Let L denote the length of the edge, then Z, is an Euclidean path-integral on a
torus of temporal length § and spatial length L. After a modular-S transformation, we have

Zo=> S, (16)
b

where Z, is the partition function for the block b on a torus of temporal length L and spatial
length (8, where § is the modular-S matrix of the CFT. In the limit L — oo, the sum is
dominated by the identity block and we find

™

_L
S+ (17)

B

where ¢, ¢ are the holomorphic and anti-holomorphic central charges and S! = d,/D by the
Verlinde formula. Abelian anyons have d, = 1 and we have Sy = aL. — logD.

log Z, ~ log(S}Z,) ~ log S} +

Example: non-chiral Ising As an example, let us consider the case where the bulk is in the
same universality class of toric code (i.e. anyon contents are I, e, m, f = em) and the edge is
described by an (non-chiral) Ising CFT. The partition functions of the four sectors are

4
1 0 0
Z1 =X0Xo + X1/2X1/2 V7o
Ze =X1/16X1/16 1 0 0
7 - X1/2 =5 =22 (18)
m =X1/16X1/16 2 n n
0

Zy =Xo0X1/2 T XoX1/2

X1/16 =—F=4| —
\ / \/§ n

where 6; is the theta function and 7 is the Dedekind eta-function, which has the following
modular-S properties

O2(—1/7) = (=i7)"?04(7),  O5(=1/7) = (—iT)"/05(7),

19
04(—1/7) = (—i1)"?05(7), n(—1/7) = (—iT)"*n(7) 19)
One can use this to compute the modular-S matrix. For example
1 _ _ _
Zi(=1/7) :§(X0 + x172) (Xo + X1/2) + X1/16X1/16
1
:E(ZH +Ze+ Zy + Zy)
Similarly, we can get the full modular-§ matrix
1 1 1 1
111 1 -1 -1
=311 -1 1 -1 (20)
1 -1 -1 1
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where the columns from left to right (or rows from up to down) correspond to I, e, m, f. There-
fore, the topological entanglement entropy is log 2, which is consistent with the lattice calcula-
tion.

Example: chiral Ising A related but different example is the Ising topological order with the
anyon content 1,e, 0 and the fusion rule 0 x 0 = 1+ €. The edge is described by chiral CFTs
and the corresponding partition functions are the chiral characteristics

Z1 = Xo, 4= X1/2, Ly = X1/165 (21)

For example, a modular-S maps Zy to

1 1 _
Zy(—1/7) :E(XO + Xx1/2) + _\/§X1/16X1/16
1
=54+ Z, +V2Z)

The full modular-§ matrix is

A 1 V2
511 1 =2 (22)
V2 —vV2 0

where the columns from left to right (or rows from up to down) correspond to I, e,0. Thus,
the subsystem A contains an o anyon, the topological entanglement entropy is log v/2.

S =

We can also consider more general cases where the bulk is not in any fixed topological sector.
The bulk state can be either pure or mixed. Then we have

PL = ZPaPL,a, Zpa =1

To compute the von Neumann entropy for py, let us first consider the Renyi entropy S =
—logTrp}. Note that different sectors are orthogonal, we have Trp} = > prTr} ,, and
Tr p} , can be computed by using the modular properties

1 1
Tre "PHe = Z, =
Za(ry Zo(y T T

B Zngle(—l/nT) R S1Z,(1/nT)

Doy S8 2y (=1/)]" 83 Z:(1/7)]"

B 1 Ec—l—ﬁ INlen
—m{czn)ﬁlgy&>

l+nnLc+e 1 d.\'""
S = —= 1 - 23
n B 12 +1_n0g2a:pa(p) (23)

Trpr.=

Sl

The Renyi entropy is




Therefore, the von Neumann entropy is

Leis
S = %C g € logD+ <Zpa(10g dy — 1ogpa)> (24)

A few comments are followed:

e If the subsystem is not in a definite sector, its von Neumann entropy always becomes larger
by the amount ) p,(logd, —logp,). One part is the classical uncertainty — »_ p, log pa,
the other part is associated to the quantum dimension of the anyon »_ p,logd,.

e If the whole system is on a cylinder or torus such that the entangling surface 0A can
be a non-contractible loop, then different ground state wavefunctions generally leads to
different topological sectors for the subsystem A. Therefore, this result means that the
topological entanglement entropy has a state dependence.

e This entropy measurement cannot distinguish pure and mixed state.

4 'Topological entanglement negativity

Let us list the two cases we are interested in:

1. The bulk state is in a coherent superposition of several topological sectors, i.e. |G) =
> o ®a |Gq). Note that primary states in different sectors are orthogonal, we have

PL,pure ~ Z ’wa|2pL,a (25)

where the subscript means that the reduced density matrix is obtained from a pure state.

2. The bulk state is in an incoherent superposition of several topological sectors, i.e. pg =
Y o DaPc,, the reduced density matrix is

PL,mixed ~ ZpapL,a (26)

where the subscript means that the reduced density matrix is obtained from a mixed
state.

Apparently, the two cases cannot be distinguished from the reduced density matrix on L and
we have to use better entanglement measures. In this subsection, we compute the negativity
and try to see whether it can tell the difference between pure and mixed states. We follow our
discussion in the first subsection and replace p by the conformally invariant boundary states
near the edge.

For simplicity, we only consider chiral edges. The case of non-chiral edges is not expected
to show essential difference. If the state is pure, we have

Ppure = Zwa Vo |Ga) Z |¢a|2 (27)



where |G,) denotes the state in the sector a. Note that different topological sectors are orthog-
onal, the denominator can be computed easily Trp" = 3 |1,]|*". To compute the numerator,
recall that |G,) is a normalized short-range entangled state obtained from the conformally
invariant boundary state by an imaginary-time evolution

g Qka ) 7T(c+c)

a(n)
Z N )Zrk )1 ® Raln). 0

whose holomorphic and anti-holomorphic components denote the two edges respectively. The
factor of 1/4 in defining the imaginary time is chosen such that the normalization factor Z,
carries the modular parameter 7 = [3/L. After performing partial transpose, we have

oo da(n) da(n')

o0
T ¢awa _B 2k (n)— m(c+72) _B 2% ,(n')— 7 (c+7c)
pp?fre § § E E e 4( a(n) 120 /e 7 (2 ( ) 121 )

=0 j=1 n'=0 j'=1

ko ('), '), @ [Ka(1), 5) g (Ka(n), 41, @ (R ('), ']

Thus, we have (n is an even number)
2
° !% n 5 Zl 2/(7””))

( (<z__ );m s 3)2

The Renyi negativity is

2—|—n7rLc
(”) 1 1
Ry ===+ ongwa (S2)

‘ t
=

1
— log >~ [tha|™" (28)

The entanglement negativity is

2
3rL ¢
EN pure =5 12" log <Z Y |¢a|253> -

“ 29

3 12

which coincides with the Renyi entropy with Renyi index 1/2, as expected.
If the state is mixed, we have

Pmized = Zpa ’G Zpa =1 (3())

The denominator is Tr pl. .. = > phi. After doing partial trace, we have

Th  \n o Za(nT/2)? n(S;ZI(;_E»Q
Tr(pmizred) _Zpast7-/)n> - Zpam

a

- (exp (2-ni) Eajp:;(sif-")z
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Thus, the entanglement negativity is

3rL c
EN,mixed ZTE + log ZPGS;

3nL
_orEe log D + log Zpada

(31)
B 12

From this result, we can see that the topological part is always nonzero because ), pad, < D.
Let us compare the two cases by choosing p, = |4|>. Then we can see that the negativity

for pure states is always larger (because (), z/ 2)2 > > . ;) and they differ by

Za;éb W}anb‘ V dadb
>0 1%al?da

Thus, the universal part of the negativity can distinguish the pure and mixed state.

EN7pure - EN,mized = log (1 + (32)
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